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Periodic vs open boundary conditions (PBC vs OBC)

Model:

εψn = t(ψn+1+ψn−1)

t = t∗

Energy spectrum:

periodic-BC

E(k) = teik + te−ik

Eigenmodes:

ψn ∝ eikn (periodic)

ψn ∝ eikn + re−ikn

(open BC)
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PBC vs OBC in non-Hermitian structures
Model:

εψn = t←ψn+1+t→ψn−1

N. Hatano and D. R. Nelson, PRB
56, 8651 (1997)

Energy spectrum:

periodic-BC

E(k) = t←eik+t→e−ik

Eigenmodes:

ψn ∝ eikn (periodic)

ψn ∝ eik+n + reik−n

(open BC)
Im k+ Im k− > 0

non-Hermitian skin effect
complex E(k) under PBC has non-zero winding number
complex E under OBC collapses into a line
OBC modes are concentrated at the edge

T.E. Lee, PRL 116, 133903 (2016)
D. Leykam, K. Y. Bliokh, C. Huang, Y. D. Chong, and F. Nori, PRL 118, 40401 (2017)

V. M. Martinez Alvarez, J. E. Barrios Vargas, and L. E. F. Foa Torres PRB 97, 121401(R) (2018)
Reviews: Bergholtz,Budich,Kunst, Rev. Mod. Phys. 93, 015005(2021)

Nobuyuki Okuma, and Masatoshi Sato,Annu. Rev. Cond. Mat. Phys. 14, 83 (2023)
Q. Wang and Y. D. Chong, JOSA B 40, 1443 (2023)

R. Lin, T. Tai, L. Li, and C.H. Lee, Front. Phys. 18, 53605 (2023)Alexander Poddubny (Weizmann) Mesoscopic NHSE 3 / 14
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Слайд – АНП и В.А. Кособукин, Экситон-поляритонное поглощение
в квантовых ямах: от короткопериодных структур к брэгговским,
Низкоразмерный семинар, 2007
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Coupled quantum wells: eigenfrequencies
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Chiral waveguide quantum electrodynamics

B

Energy spectrum
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Markovian approx., single exc.:

Hm,n = −i


γ→eiφ|m−n|, m > n
γ→+γ←

2 , m = n

γ←eiφ|m−n|, m < n

,

ω(K) = γ1D
sinφ+ c sinK

cosK − cosφ
,

c = 1−ξ
1+ξ , ξ = γ→/γ←.

Review: P. Lodahl, S. Mahmoodian, S. Stobbe, A. Rauschenbeutel, P. Schneeweiss, J. Volz, H. Pichler,
and P. Zoller, Nature 541, 473 (2017).

D. F. Kornovan, M.I. Petrov, and I. V. Iorsh, PRB 96, 115162 (2017), семинар от 27.02.2017
G. Fedorovich, D. Kornovan, ANP, and M. Petrov, PRA 106, 043723 (2022)

More on waveguide QED: A.S. Sheremet, M.I. Petrov, I.V. Iorsh, A.V. Poshakinskiy and ANP,
Rev. Mod. Phys. 95, 015002 ( 2023);

видео, cond-mat.ru: https://www.youtube.com/live/6zewVeRcG-Y?si=LazlQQbFWsbKC54X
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Effective permittivity for short-period structure

B

εeff(ω,K) = 1 +
2γ1D
φ

1 + cK

ω0 − ω

Non-chiral case, c = 0: Е.Л. Ивченко, ФТТ 33, 2388(1991)
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chiral WQED vs non-chiral WQED

Nonchiral, c = 0
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Chiral, c = 0.8
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chiral WQED vs Hatano-Nelson

ω(k)

γ1D
=

sinφ+ c sin k

cos k − cosφ
,
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E(k) = t←eik + t→e−ik

N. Hatano and D. R. Nelson, PRB
56, 8651 (1997)

periodic-BC

open-BC
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What does “periodic non-Hermitian structure” mean?

Distributed loss: rank ImH ∝size

loss

Edge loss:
rank ImH = const, rank ImH/rank ReH → 0
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Mesoscopic vs conventional NHSE

ψn ∝ eiK+n + reiK−n, n = 1 . . . N

Conventional:

ImK+ ImK− > 0

K+,K− = const(N)
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Mesoscopic:

ImK+ ImK− < 0

K+(N),K−(N),

|ψN/2|2/|ψ1|2 ∝ 1/N
ANP and A.V.Poshakinskiy, PRA 108,023707(2023)

0 10 20 30

10
-2

Alexander Poddubny (Weizmann) Mesoscopic NHSE 11 / 14



Mesoscopic vs conventional NHSE

ψn ∝ eiK+n + reiK−n, n = 1 . . . N

Conventional:

ImK+ ImK− > 0

K+,K− = const(N)

0 50 100

10
-10

10
0

Mesoscopic:

ImK+ ImK− < 0

K+(N),K−(N),

|ψN/2|2/|ψ1|2 ∝ 1/N
ANP and A.V.Poshakinskiy, PRA 108,023707(2023)

0 10 20 30

10
-2

Alexander Poddubny (Weizmann) Mesoscopic NHSE 11 / 14



Transition to normal NHSE with losses
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Hmn ∝ eiφ|m−n|

z± = exp(iK±), ψm ∝ zm+ + rzm− , m = 1 . . . N
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Regularized PBC spectrum and mesoscopic NHSE

k → Re k−iδ(N) sin(Re k)

−π < Re k ≤ π

ω(k)

γ1D
=

sinφ+ c sin k

cos k − cosφ
,

analytics for OBC: ω±ν = − iNγ1D

Wν

(
±2N/

√
1− c2

) , ν = 0,±1,±2 . . .

analytics for c = 0: A.V. Poshakinskiy and ANP, PRA 108, 023707 (2023)
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Summary: mesoscopic NHSE

The concept of NHSE potentially applies also to finite-size
photonic structures with neither gain nor loss in the bulk and
purely real energy spectrum under periodic boundary
conditions (PBC)
regularized size-dependent PBC spectrum
definition of non-Hermitian periodic system requires
clarification

loss

arXiv:2310.04025v1

Alexander Poddubny (Weizmann) Mesoscopic NHSE 14 / 14





Some equations

Dispersion law: w(K) =
sinφ+ χ sinK

cosK − cosφ
, where χ =

1− ξ

1 + ξ
.

Eq. for spectrum: r↪→(ω)r←↩(ω)e
i(K+−K−)(N−1) = 1, r ↪→

←↩
= −e±iK± − eiφ

e±iK∓ − eiφ

Eigenstates: ψm ∝ eiK+(m−N)+r←↩e
iK−(m−N) ∝ eiK+(m−1)r↪→+eiK−(m−1),

K± ≈ ±π
2
+ (χ∓ 1)

γ1D
ω − ω0

.

r↪→ ≈ − i(χ+ 1)

2ω
, r←↩ ≈ − i(1− χ)

2ω
, r←↩r↪→ei(K+−K−) ≈ 1− χ2

4w2
.

1− χ2

4w2
e−

2iN
w + 1 = 0 .

Spectrum: ω±ν − ω0 = − iNγ1D

Wν

(
±2N/

√
1− χ2

) , ν = 0,±1, . . .



Riemann surface of ω(k)



More topological arguments

w(K) =
sinφ+ χ sinK

cosK − cosφ
, z = eiK

Non-chiral, ξ = 0
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Loss/chirality phase diagram

Hm,n = −i


γ→eiφ|m−n|, m > n
γ→+γ←

2 , m = n

γ←eiφ|m−n|, m < n

,

Hnm −H∗mn = −iγ→eiφ(n−m) − iγ←eiφ(m−n)

Hnm −H∗mn = −iγ̃→eiφ(n−m) − iγ←eiφ(m−n)

Let us tune losses through the edges.

Tight binding analogy: W.-T. Xue, Y.-M. Hu, F. Song, and Z. Wang, “Non-Hermitian Edge Burst,” PRL
128 120401(2022)
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Circular waveguide
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Eigenstate localization in a non-chiral structure

A.V. Poshakinskiy and ANP, PRA 108, 023707 (2023)



Topological arguments

H(z) = t0 + t1z +
t−1
z

+ . . . , z = eik

GBZ ≡ {z, |Hm[H(z)]| = |H−1m+1[H(z)]|}

winding(GBZ) =
1

2π

∮
dzarg [H(z)− Eb] = Nzeroes −Npoles = 0

K. Zhang, Z. Yang, and C. Fang,Correspondence between Winding Numbers and Skin Modes in
Non-Hermitian Systems, PRL 125, 126402 (2020).



Some more literature

M. Yang, L. Wang, X. Wu, H. Xiao, D.Yu, L.
Yuan, and X. Chen, PRA 106, 043717 (2022)
PBC is complex; inherent radiative losses
perpendicular to the array plane,

Yi-Cheng Wang, Jhih-Shih You, and H. H.
Jen, Nat. Commun 13, 4598 (2022)
PBC is complex; inherent radiative losses
perpendicular to the array plane

Tao Yu and Zeng, PRB 105, L180401 (2022);
PRR 5, 013003 (2023):
PBC is complex; inherent nonradiative losses
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