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Periodic vs open boundary conditions (PBC vs OBC)

Model: Energy spectrum:
t Im E
o0 0 06 0 0 0o
perioldic-BC
Re E
en = t(Pny1+¥n-1)
t=t* E(k) = tel* 4 te ¥y, o el* (periodic)
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Periodic vs open boundary conditions (PBC vs OBC)

Model:

eVn = t(Vnp1+9¥n_1)

t=t"

Alexander Poddubny (Weizmann)

Energy spectrum:

Im E
perioldic-BC

Re E

open-BC

E(k) = tel 4 te=i*

Mesoscopic NHSE

Eigenmodes:

rVVVVVVN
AAAAAALA
A AAAA
a A A A
Py, oc el (periodic)

wn ~ eikn + refik:n
(open BQ)
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PBC vs OBC in non-Hermitian structures
Model: Energy spectrum:

i Im FE

OCOCQCO?C.CQCO periodic-BC
F C/ Re E
Ewn = t<—¢n+1+t—>wn—1

N. Hatano and D. R. Nelson, PRB — ik —ik
56, 8651 (1997) E(k) te"+te

¥y, o ™ (periodic)

T.E. Lee, PRL 116, 133903 (2016)

D. Leykam, K. Y. Bliokh, C. Huang, Y. D. Chong, and F. Nori, PRL 118, 40401 (2017)

V. M. Martinez Alvarez, J. E. Barrios Vargas, and L. E. F. Foa Torres PRB 97, 121401(R) (2018)
Reviews: Bergholtz,Budich,Kunst, Rev. Mod. Phys. 93, 015005(2021)

Nobuyuki Okuma, and Masatoshi Sato,Annu. Rev. Cond. Mat. Phys. 14, 83 (2023)

Q. Wang and Y. D. Chong. JOSA B 40. 1443 (2023)
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PBC vs OBC in non-Hermitian structures

Model: Energy spectrum: Eigenmodes:

[ Im E . .
OCOCOCO’?\,QC.C.CO periodic-BC
- .. -\ — - A AA

opengB.C__/ E L aaaA

Ewn = t<—¢n+1+t—>wn—1 — AAAAAAA
" 0 ¥y, o ™ (periodic)
N. Hatano and D. ;’gzlssin(,lzgs) E(k) =t e"4t_se 7/}n o eif4n + reikomn
(open BQ)
ImkiImk_ >0

non-Hermitian skin effect
e complex E(k) under PBC has non-zero winding number

o complex E under OBC collapses into a line

@ OBC modes are concentrated at the edge
T.E. Lee, PRL 116, 133903 (2016)
D. Leykam, K. Y. Bliokh, C. Huang, Y. D. Chong, and F. Nori, PRL 118, 40401 (2017)
V. M. Martinez Alvarez, J. E. Barrios Vargas, and L. E. F. Foa Torres PRB 97, 121401(R) (2018)
Reviews: Bergholtz,Budich,Kunst, Rev. Mod. Phys. 93, 015005(2021)

Nobuyuki Okuma, and Masatoshi Sato,Annu. Rev. Cond. Mat. Phys. 14, 83 (2023)
Q. Wang and Y. D. Chong. JOSA B 40, 1443 (2023)
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Mogenb pacnpocTpaHeH st 3KCUTOHHbLIX MOMSPUTOHOB B CTPYKTYpe

P, P;
~a \H ~a 556 N N
n=2 "= ’

n=N = F/FO

(‘\(‘ ZR)GO _~n fz .(':_:II)E(:II)

n=1 nlw”_w_lr
1 ¢ =
P, = o /d:Pm.(z) = rha
(n)
N .
(wn —w — IF)Pn — il E Pn/elk"lz"_zﬂll = fFoEo(Zn)

n'=1

Cnalig — AHI n B.A. KocobykunH, DKCUTOH-NONSAPUTOHHOE MOFNOLLEHNE
B KBaHTOBbIX sIMax: OT KOPOTKOMEPUOAHBLIX CTPYKTYp K Bparrosckum,
Hu3skopasmepHbiii cemunap, 2007
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Coupled quantum wells: eigenfrequencies

Dusuka n TexHUKa nosynposogHukos, 1998, Tom 32, Ne 1

OKCUTOHHbIE NoNAPUTOHbI B AJIMHHOMNEPUOAHbIX CTPYKTYypax ¢ KBaHTOBbIMU
AMamMu

© M.P. Bnagumuposa, E.J1. Us4erko, A.B. KasoxuH

Du3snko-TexHndeckuin HeTUTYT um. A.®.Nodhcbe Poccuiickoli akapemumn Hayk,
194021 CaHkr-TMeTtepbypr, Poccus

(Monyyera 29 mas 1997 r. Mpunata Kk nevatn 3 wioHsa 1997 r.)

YpaBHeHue AN cObCTBEHHbIX YacToT
B MeToAe CBA3aHHbIX OCUMUNIATOPOB

B arom MeToae COOCTBEHHBIE YaCTOTHI HaxonsATCsa U3
YpaBHEHHSA
det || Aim — wéim | =0,
Apm = (wo — iT) 8}y — iTe =1 11

KOTOpOE IOJIHOCTBIO JKBHBaIeHTHO ypaBHeHmio (5). Tak
KaK crell Jno0oit KBapaTHOH MAaTpPHILI PaBeH CymMMe ee
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Re(E),eV

Puc. 3. KomiuiekcHble COBCTBEHHBIE YaCTOTHI JJII 3KCHTOHHBIX
MOJISIPUTOHOB B aHTHOPAITOBCKOM cTpyKType (d = d4) ¢ 10 xBan-
TOBBIMH SIMaMH. | — TOYHBIA PacyeT, NPeICTABJICHHBI TAKKE HA
puc. 1,b, 2 — pacder mo dopmynam (14),(17), 3 — pacder mo
npubimnKeHHol dopmyie (18).
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Chiral waveguide quantum electrodynamics

Energy spectrum

10
5
oB &
00000000
r %_,J s, ) = 5
-10
. . -1 -0.5 0 0.5 1
Markovian approx., single exc.: Wavevector, K/
iolm— sin + csin K
,y_)elso\m 77»|’ m>n W(K):flegp}(—7
. cos K — cos
Hyp = —i %, m=n, 4

ip/m—n _1-=¢ _
Yol m < c= 158 §=75/7
Review: P. Lodahl, S. Mahmoodian, S. Stobbe, A. Rauschenbeutel, P. Schneeweiss, J. Volz, H. Pichler,

and P. Zoller, Nature 541, 473 (2017).

D. F. Kornovan, M.I. Petrov, and I. V. lorsh, PRB 96, 115162 (2017), cemunap ot 27.02.2017
G. Fedorovich, D. Kornovan, ANP, and M. Petrov, PRA 106, 043723 (2022)

More on waveguide QED: A.S. Sheremet, M.l. Petrov, I.V. lorsh, A.V. Poshakinskiy and ANP,
Rev. Mod. Phys. 95, 015002 ( 2023);

Bupaeo, cond-mat.ru: https://www.youtube.com/live/6zewVeRcG-Y7si=LazlQQbFWsbKC54X
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Effective permittivity for short-period structure

o B
O000O0000

‘ 'Y<—*J k"”Y—> )

2’}/1]3 1 + cK
¥ Wy —w

€eg(w,K) =14

Non-chiral case, ¢ = 0: E.J1. suenko, ®TT 33, 2388(1991)
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chiral WQED vs non-chiral WQED

Nonchiral, ¢ =0

PBC ¢ =0, p/m =0.5, N =100

0 T — 100
P . 0.035
5 . 0BC . 80 0.03
a * 0.025
&-of 1 £ 60 B
=~ . . s 0.02 ~F
3 g =
2 st 154 0.015
— <]
0.01
20 1 20
0.005
25 ‘ ‘ ‘
20  -10 0 10 20 20 40 60 80 100
Re(w)/y1p m

Alexander Poddubny (Weizmann) Mesoscopic NHSE 8 / 14



chiral WQED vs non-chiral WQED

Nonchiral, ¢ =0
PBC

* OBC

5F .

25 . . .

-20 -10 0 10
Re(w)/7p

Chiral, c=0.8

PBC

e ee.

* OBC

Alexander Poddubny (Weizmann)

¢ =0, p/m =0.5, N =100

o2}
o

Eigenstate #
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o

40
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Mesoscopic NHSE
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chiral WQED vs Hatano-Nelson

¢=0.8, ¢/m =0.5, N =100

0 T 0.14

QO0OOOO00 sk, "ome . 012

| G k-‘a =) 0.1

£-1or ] 0.08 =
%‘15 r q 006~

. . - 0.04

w(k) sinp+csink 20 . . 1 002

~vp  cosk —cosg 5 . . .
-10 o 10 20 40 60 80 100
Re(w)/vp m
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chiral WQED vs Hatano-Nelson

¢=0.8, ¢/m =0.5, N =100

0 e 100 0.14
@@@@@@@@ 5h * OBC N 1 80 0.12
| O o : : * 0.1
g ;40’ 1 560 0.08.=
2 st 1§ 0.06 =
w(k) sinp4csink 20 - 1 2 zzz
~vp  cosk —cosg 25 . . .
-10 0 10 20 40 60 80 100
Re(w)/7p m
t, Im FE
e e e e 8 8 9 9 periodic-BC

e
gnut®

. . ]
E(k) =t e 4t e OpengB-C“__/ Re E

N. Hatano and D. R. Nelson, PRB
56, 8651 (1997)
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What does “periodic non-Hermitian structure” mean?

ts
¢ 9 9 B 8 9 9 9

b

Distributed loss: rank Im H ocsize

loss

Edge loss:
rank Im H = const, rank Im H/rank Re H — 0
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Mesoscopic vs conventional NHSE

Py x B+ ppel-n oy =1 N

Conventional:

ImK,ImK_ >0

K., K_ = const(N)

' 10°

’wn|2

, 10710
0 50 100

n
Alexander Poddubny (Weizmann)
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Mesoscopic vs conventional NHSE

Py x B+ ppel-n oy =1 N

Conventional: Mesoscopic:

ImK . ImK_ >0 ImK ImK_ <0

Ky, K_ = const(N) K (N),K_(N),
[ al? /11 |? o< 1/N

ANP and A.V.Poshakinskiy, PRA 108,023707(2023)

' 10° | |
< 1102 =
, 10710 . .
0 50 100 0 10 20 30
n n
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Transition to normal NHSE with losses

(a) (b)
- 10°
=
0
N 0 50 100
= = (o) n
£ 0.1 8
E T T
0.2 z =
4 2=
) 10°=
mesoscopic NHSE 03 n
50 100 150 200 0 10 20 30
N n

H,n o elelm—nl

24 = exp(iKy), Yy x 2+ 12", m=1...N
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Regularized PBC spectrum and mesoscopic NHSE

Im K
,l Re

T l T

k — Re k—id(N) sin(Re k) 09
=
—m<Rek<m 0 E
w(k) sing+csink 05
yp  cosk —cosp’ '
-40 .

Re(w — wo)/mp
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Regularized PBC spectrum and mesoscopic NHSE

Im K
- Re

T I T

0
k — Rek—id(N)sin(Rek) . ° 05
A K
= ~
—m<Rek<m 5'20 0 E
w(k) _ sing + csin k" 30 0
1D cosk —cosp
-40 1
-20 0 20
Re(w — wo) /71
iN
analytics for OBC: w® = — SER: , v=0,4+1,+£2...
W, (iQN/\/l - c2)
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Regularized PBC spectrum and mesoscopic NHSE

05
k — Rek—i0(N)sin(Re k) ®
0 0=
—mT<Rek<m &
w(k) sing+csink 05
yip  cosk —cosp’
-1
Re(w —wo) /71D
iN
analytics for OBC: wljf = SER , v=0,%1,%£2...

W, (i2N/m)

analytics for ¢ = 0: A.V. Poshakinskiy and ANP, PRA 108, 023707 (2023)
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Summary: mesoscopic NHSE

@ The concept of NHSE potentially applies also to finite-size
photonic structures with neither gain nor loss in the bulk and
purely real energy spectrum under periodic boundary
conditions (PBC)

@ regularized size-dependent PBC spectrum

@ definition of non-Hermitian periodic system requires
clarification

loss

e e 2 A% AVAVA e

arXiv:2310.04025v1
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Some equations

. K 1
Dispersion law: w(K) = w, where y = —g .
cos K —cosp 1+¢
. +iKy _ i
Eq. for spectrum: r;}(w)r@(w)el(KJr*K*)(N’l) =1lr=e = ¢ ©

etk _ g

Eigenstates: wm o eiKJr(”L_N)—Fr(_,eiK*(m’_N) x eiKJr(m—l),r,L)_'_eiK,(m—l)7

w —wo
iy +1 i(1 - K — 1—x?
T‘_“V_(ng )’ T“%_(QWX)’ oo, e —K-) 4w>2(
1_X2 2iN
T2 e w +1=0
iN
Spectrum: wi —wy = — Lp v=0,%+1,
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More topological arguments

sin @ + x sin L — oK

w K = =
(K) cos K —cosp ’
Non-chiral, £ =0
(a) 2 T T (b) 2
1+ , 0 ~
N 52
g0 ]
- T4
a6 .
2 8 -
2 1 0 1 2 5 0 5
Re z Re w
Chiral, £ =0.8
(a) 2 T T (b) 2
1h 0 i
N : 52
£ Of E]
8 / g,
a6 SQV .
2 8
2 1 0 1 2 5 0 5






roelelm=nl oy sy

— 3 +
Hm’n = —1 j—*_2”&, m=n,
Fee?m=nl o <
* i~ _ip(n—m : ip(m—n
H’nm - Hmn = —1Iy-¢€ # ) — 17 € # )

Let us tune losses through the edges.

i
it

-2 -1 0 1 2 3
Vs /¥

Tight binding analogy: W.-T. Xue, Y.-M. Hu, F. Song, and Z. Wang, “Non-Hermitian Edge Burst,” PRL
128 120401(2022)



Circular waveguide

—y-e meil=0.95
—A—e Tmeil—( 88
Fpe il 73
e mnil=0 45
e mal—0.14
—o- e mail=0.01

w1l

>V

20

30

Coordinate, m

50



() © 40
a . 0 T ;
& 60 [—~-numerics o * numerics
S | cEa® E X 1N
1 40=Eq. ( = o 1/N?
g g
20 g
EERR =102 >
E 0 Il Il \\ 1
0 100 200 300 10! 102
Number of atoms N Number of atoms N
(b)

10° 10 \ \ \ \

T IRRTTTTRRTINT | (HTTTRTY

0 50 100 150 200 250 300

Atom number n

A.V. Poshakinskiy and ANP, PRA 108, 023707 (2023)



Casel E,
ZLopz °
E, E;
——
Case ll Ee
ZLepz
i1 ik
H(z):t0+t1z+7+..., z=e¢e

GBZ = {2, |[Hn[H(2)]| = |H,, 1 [H(2)]|}

1
winding(GBZ) = o dzarg [H(z) — Eb] = Nyeroes — Npoles = 0
K. Zhang, Z. Yang, and C. Fang,Correspondence between Winding Numbers and Skin Modes in
Non-Hermitian Systems, PRL 125, 126402 (2020).



Some more literature

(a) Right-propagating chiral waveguide

@ M. Yang, L. Wang, X. Wu, H. Xiao, D.Yu, L.
Yuan, and X. Chen, PRA 106, 043717 (2022)
PBC is complex; inherent radiative losses
perpendicular to the array plane,

@ Yi-Cheng Wang, Jhih-Shih You, and H. H.
Jen, Nat. Commun 13, 4598 (2022)
PBC is complex; inherent radiative losses
perpendicular to the array plane

@ Tao Yu and Zeng, PRB 105, L180401 (2022);

PRR 5, 013003 (2023): y ////%/

PBC is complex; inherent nonradiative losses 4=
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