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CHAPTER 1. PREFACE

HOW_STANDARDS PROLIFERATE:
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Figure 1.1: xked comics #927 on competing standards. Maybe, the same happens for textbooks

of that as well. There are very basic collective interaction effects for X-ray diffraction theory,
such as the Borrmann effect of suppression of absorption, that seem to be completely forgotten
and have to be rediscovered each time when seen in experiments. The superradiance, collective
enhancement of spontaneous emission in emitter arrays, is now seeing a renaissance of research.
At the same time, there is not much collaboration between the specialists on various times of

emitters, such as real atoms and artificial atoms (quantum dots).

The current book aims to bridge these communities at least partially by considering some
basic effects of collective light-matter interactions occurring in various arrays of emitters from a
hopefully universal viewpoint. In the first part, I will focus on the linear response regime, that
is realized either for very low light intensity (below single photon) or for classical light in the
linear optics regime. I will discuss collective enhancement and suppression of the light-matter
interaction strength, the difference between strong and weak coupling regimes, Purcell effect,
vacuum Rabi splitting. I know there is a little chance of success, as elucidated by the XKCD
comic in Fig. 1.1. The whole concept of a textbook might vanish in the age of Al. But I still
think it is worth a try. The book does not require knowledge of advanced quantum mechanics
or quantum electrodynamics. It is mostly sufficient to know free-space electrodynamics at the

undegraduate level.

[ am very grateful for multiple discussions and collaborations with many people, in particular
with Nir Davidson, Ofer Firstenberg, Johannes Fink, Mikhail Glazov, Eougenius Ivchenko, Yuri
Kivshar, Yuri Lozovik, Andrey Miroshnichenko, Alexander Poshakinskiy, Elena Redchenko,
Ralf Rohlsberger, Ephraim Shahmoon, Alexandra Sheremet, Jiaming Shi, Andrey Sukhorukov.

I thank my family for their constant support.


https://xkcd.com/927/

Chapter 4

Scattering on a single emitter

In this chapter, we consider a most basic problem: interaction of propagating light at a certain
frequency w with the system, having a single optical resonance at the frequency wy. The
possible setup, corresponding to this model, is schematically illustrated in Fig. 4.1 — it consists
of a waveguide, where photons propagate in one dimension either forward or backward, with
the constant velocity ¢, coupled to a two-level atom. However, an actual physical realization
can vary. It can involve different types of light emitters in place of the resonant system. For
example, as described in the previous chapter, one can consider a plane electromagnetic wave
normally incident upon a flat semiconductor quantum well. The equations describing light

reflection in such a setup would be the same up to the change of notation.

Before proceeding to the actual calculation, it is important to think what can happen with
incoming light wave at the frequency w depending on the relation w and the system resonance
frequency wy. If the light is strong from the resonance, we can expect no interaction. Indeed,
due to the energy conservation law, the light can not be absorbed by the emitter. On the other
hand, if w and wy are close, some interaction can take place. The photon can be absorbed,
and after that, it can be reemitted back into the waveguide with some probability. As a result,

there is a possibility that light can be reflected backward with a certain reflection coefficient r.

Our goal will be to calculate the value of this reflection r depending on the spectral detuning
w — wp. By doing this, we will also clarify what is large and what is strong detuning, that it,
at which value of |w — wy| the reflection can be neglected. Moreover, we will also show that
the properties of the system change when it can interact with propagating photons. In fact,

our calculation, despite being mostly based on classical Maxwell equations, will allow us to
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4.1. BRUTE-FORCE APPROACHIAPTER 4. SCATTERING ON A SINGLE EMITTER
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Figure 4.1: Schematics of light reflection and transmission from a resonant scatterer.

find the rate of spontaneous emission into the waveguide.

4.1 Brute-force approach

4.1.1 Wave equation
Let us consider a monochromatic electromagnetic wave at the frequency w, propagating in one

direction z at the frequency w with the velocity c. It then satisfies the usual wave equation

2

B(:) + ?B(:) =0, (4.1)

where ¢ = w/c is the light wave vector. When writing Eq. (4.1) we do not write explicitly
the dependence of the electromagnetic field £ on two other spatial coordinates x,y. In the
simplest description one can assume E(x,y,z) = E(z)f(x,y), where f(x,y) describes the
mode polarization and the spatial distribution in the transverse direction. We assume that
those are not affected by the interaction with the emitter, so that transverse and longitudinal
degrees of freedom can be separated and it suffices to consider just a single scalar equation
(4.1). Now, in order to describe the light interaction with the emitter, we need to introduce

external polarization P(z) into the wave equation

2

B(:) + B(:) = ~4n g (). (4.2)

Here, P(z) is the electromagnetic polarization, induced in the waveguide material, due to the
presence of the emitter. By definition, this polarization is in general nonzero within the emitter
but quickly vanishes outside. We will now make the next approximation and assume that the

emitter is small as compared to other spatial scales in the problem, namely, small as compared

12



CHAPTER 4. SCATTERING ON A SINGLE EMITTER1. BRUTE-FORCE APPROACH

to the light wavelength A = 27 /q. Then, the polarization can be approximated by a d-function

P(z) = pd(2) (4.3)

where we introduced the emitter dipole moment p and assumed that the emitter is placed at
z = 0. The problem is still not quite well defined: we need to specify how to calculate the value
of p. Here comes another approximation of the linear response. We say that the emitter dipole
moment is nonzero only in the presence of the electric field, and that it is linearly proportional
to this electric field, that is

p=aFE(0), (4.4)

where « is the emitter polarizability and E(0) is the electromagnetic wave at the position of
the emitter z = 0. The actual value of o depends on the microscopic properties of an emitter.
For example, for an actual atom, it has to be calculated quantum-mechanically. Given «, the

system of equations Eqgs. (4.1)—(4.4) becomes complete and can be solved analytically.

4.1.2 Emitter polarizability
The goal of this book is to describe the general properties of resonant light-emitter interaction,
without going into the microscopic details of the emitter. As such, we can make a following
strong assumption about a:

a

a(w) = T (4.5)

where a and v are two new real parameters. The parameter a characterizes the strength of
the resonance. The  characterizes the resonance damping because of some other mechanisms,
unrelated to the resonant interaction with the photon mode in the waveguide. For example,
such term can be related to the spontaneous emission of photons in another optical modes, or
it can phenomenologically describe the dephasing because of the interaction with the modes in
the environment of the emitter. The perfect emitter corresponds to the limit v — +0. In the
simplest quantum mechanical description of a two-level atom, wy corresponds to the energy
difference between the levels |1) and |2), wy = Ey — Ey, and a = d?/h, where d is the matrix
element of the atom dipole moment in the direction along the electric field polarization o,
d*> = e2|(1|(o - r)[2)|?, and e is the electron charge. However, these details depend on the

particular type of the emitter and will not be important for the following consideration.

We note, that Eq. (4.5) is valid only in the vicinity of the resonance, for w close to wy. For

13



4.1. BRUTE-FORCE APPROACHIAPTER 4. SCATTERING ON A SINGLE EMITTER

large detuning it is necessary to add at least one more counter-rotating term,

a a
alw) = — — (4.6)
Wp—wW—1Y Wy t+w+1Yy

that is maximal at w = —wy — iy. However, we will neglect this term from now on, since we
assume |w — wp| K w,wp. As an exercise, you can check that Eq. (4.6) satisfies the general

Kramers-Kronig relationships for the permittivity.

Solving the wave equation

We are now in position to find light reflection coefficient r» and transmission coefficient z. Let
assume that an electromagnetic wave with the amplitude Ej is incident from the left and is
scattered on the emitter. Everywhere for z # 0 the right-hand side of Eq. (4.2) is absent and
the solution can be presented as a superposition of right- and left-going plane waves exp[+igz|.

This means that

Eo(el%* +re™4%) 2 <0
E(z) = (4.7)

Eoteiqz, z>0,
were, r and t are the light reflection and transmission coefficients. In order to find the values

of r and t we need to apply the boundary conditions at the emitter position z = 0.

The first of these boundary conditons is the continuity of the electric field, E(—0) = E(40),
that yields
l+r=t. (4.8)

The second of the boundary conditions is obtained by integrating Eq. (4.2) for z from —dz
to 0z around the point z = 0 and then setting dz to 0. Since the right-hand side of Eq. (4.2)

contains a d-function, it will not be zero even for 4z = 0. The result yields

dE dE
- S = —Ad7g? 4.
dz lz=40 dz l2=—0 Tap (4.9)
which means that
4 2
gt +r—1)=—— 4% 1y, (4.10)

Wy — w — 17y

14



CHAPTER 4. SCATTERING ON A SINGLE EMITTER1. BRUTE-FORCE APPROACH

Substituting ¢t = 1 + r, we find

2mqa
ir = — 1 4.11
ir - i’y( +7) (4.11)
which results in
r(w) = 1D t(w) i (4.12)

“a—w—itw Y T Gt

with
Yip = 2mqa . (4.13)
The total probability that the photon will be reflected or transmitted is given by |r(w)|?

and |t(w)|?, respectively. We note, that this probabilities do not in general sum up to unity:

297D
(W—wo)*+ (v +7p)*

P[P =1-4, A= (4.14)

Only for v = 0 one has |r|? + |¢|> = 1, which is the photon flux conservation law. In general,
photon can be lost with a probability A. This allows us to better understand the physical
sense of the parameter v: it describes nonradiative losses in the emitter and emission into
other photonic modes rather than into the waveguide. Reflection, transmission and absorption

spectra |r(w)[?, [t(w)|? and A(w) are plotted in Fig. 4.2(a).

As expected, away from the resonance one has r(w) — 0 and t(w) — 1, that is, the system
is transparent. At the perfect resonance condition, when w = wy and additionally v = 0, the
probability that photon is transmitted is zero, t = 0. At the same time, r = —1, that is, the
photon will be reflected with 100 % probability and with a 7-phase shift. This can be also seen
from Fig. 4.2(b), showing real and imaginary parts of r versus w: for v/y;p = 0.1 the real part
almost reaches minus unity at the resonance. The 7 phase shift originates from the processes

of absorption and reemission by the atom.

In order to understand the physical meaning of the parameter v, it is instructive to compare
Eq. (9.6) with our starting Eq. (4.5). The original equation had a resonance at w = wy — i,
and we now know 7 is some damping parameter of the system (see also Appendix B). We

will call it the internal decay rate. The reflection coefficient, obtained taking into account the
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4.1. BRUTE-FORCE APPROACHIAPTER 4. SCATTERING ON A SINGLE EMITTER
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Figure 4.2: (a) Reflection, transmission and absorption spectra for a single resonant emitter. (b) Real and

imaginary parts of the reflection spectrum. Calculation has been performed following Egs. (9.6) for v/~v1p = 0.1.

system interaction with light, has a resonance at

W= wy— 1y —ivp . (4.15)

As such, y;p can be interpreted as an extra damping rate the emitter acquires due to the
interaction with the waveguide photons. It turns out to be the rate of spontaneous radiative
decay rate of the emitter into the waveguide. We note, that the expression Eq. (4.13) has been
obtained by using an entirely classical electromagnetic calculation. The only quantumness will

be encoded in the resonance strength a.

In another words, equation (4.15) can be sought of as the complex resonant frequency of
the emitter, renormalized by its interaction with the propagating photons. We note, that in
fact y1p can depend on w, via the factor ¢ = w/c in Eq. (4.13). The parameter a itself can be

w-dependent itself. However, since we are dealing with spectrally narrow resonances, one can
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CHAPTER 4. SCATTERING ON A SINGLE EMIZZER:REEN FUNCTION APPROACH

usually neglect this dependence and assume that

Y (W) = v(wy) = 2mwpa(wo)/c . (4.16)

This corresponds to the so-called Markovian approximation. It is usually valid when the
parameters of the medium surrounding the resonant system slowly vary with frequency on the
scale of the resonance linewidth. In the following chapters, we will also consider the situations
in which the emitter is strongly coupled to the cavity mode when the Markovian approximation

can break down.

4.2 Green function approach

We will now find the same answer in a bit more general way, using the Green function for the

Helmholtz equation, We will now use the Green function of the Helmholtz equation,

d*G(z, 7))

F Gz, 7)) = —4n¢?5(z — ), G(2, ') = 2mige'?* =1 | (4.17)

that is derived in Appendix A. Using this Green function, the solution of Eq. (4.2) can be

presented as
E(2) = Eye'”® — 4mq? /dz’G(z, VP (2) = Eye'’® — 4ng? /dz’G(z, pd(z—2")  (4.18)

which results in

E(2) = Eyel? + 2migpe'??! (4.19)

where the first term in the left-hand side presents the incident wave and the second term is the

wave scattered by the emitter. Given Eq. (4.4) and Eq. (4.5) we write
(wop — 1y —w)p = aE(0) . (4.20)
Since E(0) = Ey + 2migp, we find

(wop — iy —imp —w)p = aky, (4.21)

17



4.2. GREEN FUNCTION APPR(HAHRTER 4. SCATTERING ON A SINGLE EMITTER

where 7,p is the same y;p as in Eq. (4.13). This equation allows us to find p and after

substituting the result into Eq. (4.19) we obtain an electric field
i71p aE(0)

E(z) = Eo(e'% + reld?ly, ¢ = - ) = : ) 4.22
) ol ) wo —w —i(y 4+ 7p) P wo —w —i(y + ) 422)

The answer is exactly equivalent to the one obtained in the previous section. In particular,
Eq. (4.21) can be seen as the equation of motion for the emitter under the influence of the
driving with the electric field Ey. The complex frequency wy — iy — iy1p, entering Eq. (4.21),
is the same as (4.15) and it can be seen as the emitter resonance frequency renormalized by

the interaction with light.

The advantage of our derivation using the Green function over the derivation in the previous
section is that it is much more general. First, we can apply it for emitters interacting with a
more complex electromagnetic environment, not just with photons in a waveguide with linear
dispersion. In this case we would just need to know the Green function G(z, z’), solving for
the electromagnetic field in the point z induced by the point dipole z’. Similarly as in this
chapter, such Green function can be calculated independently beforehand and does not depend

on the properties of the emitters themselves. Equation Eq. (4.21) will then become
[wo — iy — G(0,0) — w]p = aky (4.23)

where G(0,0) is the field in the origin. Second, Eq. (4.21) can be generalized for an array of N
emitters with dipole moments p,,, resonance frequencies w(()m), internal decay rates v(™ and

resonance strengths z,,. It will then become a linear system of equations
N
[w(()m) - 17(m) - w}pm - Z G(Zma zn)pn = amEO(Zm) : (424)
n=1
If we introduce the matrix H,,;, = O (wom — 17) — G(2m, 2n), We can rewrite Eq. (4.24) as
N

n=1

The matrix H,,, is a generalization of the complex eigenfrequency Eq. (4.15) to the emitter

array. We will extensively study its properties in the following chapters, and we will show that it

18



CHAPTER 4. SCATTERING ON A SINGLE EMITTER 4.3. SUMMARY

can be interpreted as an effective Hamiltonian of the array, interacting with the electromagnetic
environment. It is also relatively straightforward to further generalize this equation to a full

3D problem and to include the vector polarization degree of freedom of the emitters.

4.3 Summary

To summarize, in this chapter we have calculated the reflection, transmission and absorption
coefficients for light, scattering on a single emitter. We have also calculated the spontaneous
decay rate of an emitter into the waveguide modes. This was done in two ways: (a) by directly
solving the wave equations with the resonant emitter polarizability and (b) by using the Green
function approach. The latter one can be readily generalized for a more complex setting,

including N > 1 emitters. Such a system will be considered in the next chapter.

19



4.4. ADDITIONAL READING CHAPTER 4. SCATTERING ON A SINGLE EMITTER

4.4 Additional reading

Kramers-Kronig relationships and analytical properties of susceptibility: L. Landau and E.
Lifshits, Statistical physics, Course of theoretical physics pt. 1 (Butterworth-Heinemann, 1980),
SS123.

Light reflection from a quantum well: F. Tassone et al., “Quantum-well reflectivity and
exciton-polariton dispersion”, Phys. Rev. B 45, 6023-6030 (1992)

Light reflection from a cavity coupled to the waveguide: M. F. Yanik et al., “Stopping Light
in a Waveguide with an All-Optical Analog of Electromagnetically Induced Transparency”,
Phys. Rev. Lett. 93, 233903 (2004)

Light reflection from an atom: A. Asenjo-Garcia et al., “Exponential improvement in

photon storage fidelities using subradiance and “selective radiance” in atomic arrays”, Phys.

Rev. X 7, 031024 (2017)
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Chapter 5

Scattering on two emitters

We will now proceed to the next chapter, where we will consider light interaction with N
resonant emitters. The fundamental questions to answer are in this chapter are as follows:
How to treat the multiple-emitter system? Will the interaction be stronger or weaker than for
a single emitter? What will be the spontaneous decay rate of the emitters? Let us start with
the illustrative case of N = 2 emitters, located at the points z; = 0 and 25 = d. Already this
problem is rich enough to illustrate a lot of basic physics.

Let us first assume that the emitters are characterized by the resonant frequencies w(1’2),

radiative decay rates 7&113’2)

. and internal decay rates v that all can in general be different.
How should we proceed to evaluate, say, light reflection coefficient from both emitters ry.?
Based on the results in the previous chapter, we could start to decompose electric field between
the emitters into plane waves, similar to Eq. (4.7). However, this will be more involved, since
we would now have to include 3 regions: leftmost of the first emitter, z < 0, between the
emitters, 0 < z < d and to the right of the second emitter, z > d. The electric field will be
characterized by four complex amplitudes In total. This amplitude to be determined by the
two boundary conditions at each of the emitter position. Such a procedure is quite tractable
for a computer but rather cumbersome, especially if one has N > 2 emitters. So it is rarely

used in practice. We will now present two alternative ways to find the same answer, that are

more compact and are easier to generalize for larger N.
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5.1. MULTIPLE SCATTERING APPHARTHR 5. SCATTERING ON TWO EMITTERS

5.1 Multiple scattering approach

Following Egs. (9.6) we can introduce reflection and transmission coefficients ry o, ¢ 5 for each
emitter. Then we calculate the reflection coefficient can be calculated as sum of multiple

scattering processes as below illustrated Here, three terms correspond to light having bounced

T'tot = T'1 —|'t17“1€ i —|—t%?°17°262is0 + ...
-0 O

Figure 5.1: Illustration of the geometric series to calculate light reflection coefficient from the two emitters.

zero, once and twice between the emitters, respectively, before being reflected back. At each
roundtrip, the reflection amplitude gets a factor 175 exp(2ip) where ¢ = wd/c is the light
phase while propagating between the two emitters. As a result, we obtain a geometric series,
that can be summed analytically:

t%rgem’

1 — ryreediv

(5.1)

Ttot = T1 +

In a similar fashion one can also obtain a transmission coefficient through both emitters

tltg ei‘f’

(5.2)

bt = —————— -
1 — rirge?iv

Interestingly the reflection coefficient Eq. (5.1) is not symmetric with respect to first and
second emitter, while the transmission coefficient Eq. (5.2) is symmetric. This is non a
coincidence but a result of a general principle of time-reversal invariance, also related to
Lorentz reciprocity. This principle, when applied to our one-dimensional setup, states that
while reflection coefficients for light incident from the left and from the right of the structure
can be different, the amplitude transmission coefficients from the left to the right and from
the right to the left are the same. Swapping the two emitters is equivalent to swapping the
direction the light is incident from. Such symmetry holds in the linear optics regime unless an

external magnetic field is applied.

The multiple scattering procedure can be, in principle, readily generalized for an arbitrary
number of emitters, but it is still slightly inconvenient. Thus, we will consider two more

approaches later in this chapter.
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CHAPTER 5. SCATTERING ON TWO ENMATTERSLTIPLE SCATTERING APPROACH

Figure 5.2 shows the reflection spectra dependence on the distance between the emitters,
encoded by the phase ¢ = wod/c. It is clear that the distance matters much. For ¢ = 0, 7, 2,
corresponding to d = 0, \g/2, \g (Ao is the light wavelength at the emitter resonance frequency),
the spectrum has a single Lorentzian peak. The half-width at half-maximum for this peak
is equal to 2vp, twice larger than for a single emitter, compare Fig. 4.2(a) and Fig. 5.2(a).
For intermediate values of 0 < ¢ < 7 the peak is in general asymmetric. The value of
v = m/2 corresponds to a single symmetric peak with significantly lower spectral width than
for ¢ = 0, 7. This overall behaviour can be understood from a basic arguments of constructive
and destructive interference for light exhibiting multiple scattering events, see Fig. 5.1. For
¢ being an integer number of 7, all the waves going from emitter 1 to emitter 2 and back
interfere constructively with each other. Hence, the overall reflection is enhanced as compared
to that for one emitter. This is the essence of the collective enhancement effect. For ¢ = 7/2

the interference is desctructive and the reflection is suppressed.

0.6 1 =2

-5 0 5
(w —wo)/7D (w —wo)/ 1D

Figure 5.2: Reflection spectra for three specific values of ¢ = wod/c and the dependence of the reflection spectra

on . Calculation has been performed for v = 0 and identical emitters.

There are also sharp narrow dips in the reflection spectrum when ¢ is close to 0 or m, but
not exactly equal. To understand them better, in the next chapter we will develop a more

involved technique of eigenmode decomposition for the reflection and transmission coefficients.
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5.2. NON-HERMITIAN HAMILTONIKABMERBOISCATTERING ON TWO EMITTERS

5.2 Non-Hermitian Hamiltonian method

We will now present in detail the Non-Hermitian Hamiltonian method that was already briefly

mentioned in the previous chapter. To this end, we generalize Eqs. (4.2)—(4.4) for our system:

2

N
@E(z) + *E(z) = —4ng? Z 5z — 2n)pn
n=1

where

o™

Pn = n E<Zn)
w((] ) - iy ()

are the corresponding dipole moments. Similarly to Eq. (4.18) we find

N
E(2) = Eye'?” + Z G(z, 2n)Dn
n=1

Substituting Eq. (5.5) into Eq. (5.4) we obtain

N
Z Hmnpn — WPpm = amE()eiqzm .
n=1
with

H,,, = (w(()m) _ i’}/(m))émn _ amG(2m7 Zn)

(m) (m) eldlzm—zn

= (WO - iV(m))(Smn — 71D

Y

(5.3)

(5.4)

(5.5)

(5.7)

being the effective Hamiltonian matrix. We stress, that the matrix Eq. (5.7) is (i) non-Hermitian,

(ii) symmetric and (iii) in general depends on the light frequency w via the wave vector ¢ = w/c.

We will further discuss its properties in the following chapter 5.3.

Now, the dipole moments p,, can be found from the linear system of equations (5.6). It is

instructive to introduce the matrix Green function of the emitter array, defined as an inverse

of the matrix in the left hand-side of (5.6)

G () = [(H(w) _ wi)‘l}mn

(5.8)



CHAPTER 5. SCATTERING ON TWO EMITTERS 5.3. COMPLEX EIGENMODES

(1is the N x N identity matrix) . With the help of the Green function we write
N
D = Z Gon@m Foe' %™ (5.9)
n=1

In order to find light reflection and transmission coefficients 7, and ti,, one substitutes

Egs. (5.9) into Eq. (5.5) and takes the limits z < z; or z > 25, respectively. Thus,

E| = Eee 4 1y Eoe'® (5.10)
z2<z1
E =ty Foe'? | (5.11)
z>2z2
with
= ( )7$) 2y ( )VYS)
— 19(zm+2zn J— 19(Zm —2Zn
Pot = n;ﬂe g Grn8)s - tow = 14 n;:f Do Grnn () (5.12)

Equations (5.12) are valid for arbitrary N. We leave it as an excercise to prove, that for

particular case of N = 2 they reduce to Eq. (5.1) and Eq. (5.2).

5.3 Complex eigenmodes

As has been mentioned in the previous chapter, the effective non-Hermitian Hamiltonian (5.7)
does in general depend on the light frequency. This dependence comes from several places.
First, as has been already mentioned in Chapter 4, even the coefficients a, y1p and v can
depend on w. Typically, they change much only when w changes by large value on the order
of ¢/R, where R is the characteristic emitter size. There is an exception of so-called giant
atoms, that are essentially superconducting qubits with the size on the order of the wavelength.
There the y1p(w) dependence is fast [5]. However, usually it is slow and can be neglected. The
second place, where H,,, depends on w, is the phase factor expliw|z, — z,|/c] = exp(iwd/c)
for the considered case of N = 2 emitters . This factor changes when the w variation is on the
order of ¢/d, that is inverse flight time of light between the two emitters. Typically, for small
emitters 0z < d, so ¢/d > ¢/R and the dependence of this factor on w is more important.
Still, due to the large light velocity typically R/c < vip, the flight time is much smaller than
the spontaneous emission time. Equivalently, one can say that the scale at which exp(iwd/c)

changes is much larger than the resonance linewidth v;p. For example, for superconducting
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qubits coupled to the waveguide one has yip ~ 10 MHz x 27 and wy ~ 10 GHz x 27 > vp.
Even if the spacing between the qubits is on the order of the light wavelength A = 27¢/wy
at the qubit resonance frequency, the photon flight time will be on the order of 27 /wy and
much shorter than 27/v1p, see e.g. Ref. [6]. As such, one can safely neglect the frequency

dependence of exp(iwd/c) and set
Hypn(w) = Hppn(wo) | (5.13)

where wy is the emitter resonance frequency. By doing this we also assume that the spread of
the resonance frequencies is small, |w(()1) - w((f)l < w(()l’Q), so it does not matter which exactly
wp we choose in Eq. (4.16). Equation (4.16) is termed Markovian approximation. It is very
general, and it means that the photon (or general reservoir) dynamics is much faster than the
dynamics of the emitters that we are interested in. We will now show that the Markovian

approximation considerably simplifies the analysis. Later on, in Sec. 5.6, we will also look

beyond this approximation.

Once the Markovian approximation is done, the system Eq. (5.6) can be solved by expanding
pn over the collective eigenmodes of the frequency-independent Hamiltonian H,,,. There is,
however, one important caveat. The Hamiltonian Eq. (5.7) is non-Hermitian, but it is still
complex-symmetric. We will introduce the eigenvectors IM(LV) and eigenfrequencies w® in the

conventional way:

N
> Hyuthl) = wyl) (5.14)

n=1

but the caveat will reveal itself in the unconjugated orthogonality condition [7]:

N
Sl = b, (5.15)
n=1

The condition (5.15) for the Hamiltonian with the property H,,, = H,, is different from the

usual condition

N
> G =6, . (5.16)

n=1
for the usual Hermitian Hamiltonian , H,,, = H, . It can be still derived by exactly the same
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way. Multiplying Eq. (5.14) by ¢# and summing over m we find

N N
> Huth 9 = w Y il (5.17)
n,m=1 n=1
On the other hand, if we write
N
> Hpntol) = w0 (5.18)
n=1
multiply by #” and summing over m we find
Z Hpp ) ep®) —w“)zw S (5.19)
n,m=1
Substracting Eq. (5.19) from Eq. (5.17) we find
N
S U — ) = 0. (5:20)
n=1

which leads to Eq. (5.20): the modes are orthogonal once their eigenfrequencies are different.

Given the condition Eq. (5.15) we can expand the solution of Eq. (5.6) in the usual way:

N
?/1 V|q v igz

= By Z S (valg) = 2_;% a0 (5.21)

where we have introduced an unconjugated scalar product notation (v|u) for the left-hand-side

of Eq. (5.15) and also for the overlap (v|a|q) of the incident plane wave exp(igz,,) with the mode

v weighted by the emitter radiative decay rates. This allows us to express the reflection and

transmission coefficients in terms of eigenmodes. Equations (5.12) then acquire an especially

simple form if all decay rates are the same, fyg) = Yp:

Piot (W) = if: ywlailvle) oy ey 14 Z gl V|q> (5.22)

w®) —w
v=1

The advantage of Eqs. (5.22) is that they clearly show that the reflection and transmission
spectra have resonances at the collective eigenmode frequencies. To be more precise, the

spectra |7t (W), |tiot (w)|* Will have resonances at w close to Rew” with linewidths of |Im w”.
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The states with low | Imw,| will be manifested as sharp resonances.

5.4 Purcell enhancement

Before considering the case of two identical emitters, it is instructive to look closer first into
two different emitters, with different resonant frequencies and different values of y;p. The

effective Hamiltonian Eq. (5.7) then becomes

ORIy : ip
wy’ —1 —ivipe
= | "o o , (5.23)
—i ip (2) s (2)
Y1ip€ Wo '"Mp71p

For simplicity we set v = 0 in this chapter. Let us assume that the spectral detuning between
the two resonance frequencies is large, or, to be more precise,

1 _ @ . (1) (1,2)
O .

. (2
|w R e e

Then we can expect that the effects of the collective interaction between the two emitters are
weak. Formally, this means that the eigenfrequencies of Eq. (5.23) can be found using the
second-order quantum mechanical perturbation theory. In particular, the complex resonance
frequency of the first emitter, slightly renormalized due to the interaction with the second one,

can be written as 0 @)
71D'Y1De2w
1 2) . () . (2)°
W — w§? — iy + iy

~(1 1 - (1
A =l —ifl+

(5.24)

Equation (5.24) is quite instructive. It tells us that both the radiative decay rate —Imw and
the resonance frequency are changed by the interaction. The first effect, radiative correction to
the resonance frequency has analogy to the Lamb shift in vacuum quantum electrodynamics.

The second effect is the correction to the decay rate of the emitter in the presence of another

one,
oW 2) 2 _
I?lgdo =1+ Im—5; (;lDe. O @ Lt Relr 2(wi)e??] (5.25)
7D Wy —wy —IYp +17Yp
where
i@
ro(w) = 1D : (5.26)

2 . (2
wp? —w =D

is the reflection coefficient of the second emitter. The factor in the right-hand side of Eq. (5.25)

is the ratio of the decay rates of the first emitter in the presence of the second one and without
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the second one. It can be termed as a generalized Purcell factor. In his seminal work [8] Purcell
understood that the spontaneous decay rate is different for an emitter in vacuum and in a
cavity. Now the term Purcell factor is used to describe the modification of the spontaneous
decay rate in any structured electromagnetic environment. In this paragraph, the environment
is provided by the second emitter. However, in principle the second part of Eq. (5.24) is
valid for emitter near any mirror. For example, in Ref. [9] the authors have measured the

modification of the radiative lifetime the presence of a planar dielectric mirror.

The answer Eq. (5.24) can be also recovered without involving the concept of non-Hermitian
Hamiltonian, directly from the resonances of the reflection coefficient of the two emitters. The
central idea here is that the collective eigenmodes correspond to the complex poles of the
collective linear response function, for example, of the reflection or transmission coefficient
for the two emitters. We see from Eq. (5.2) that the resonance condition for the reflection or

transmission of light through two emitters is given just by
1 —ryrgexp(2ip) =0. (5.27)

Equation (5.27) is just the usual condition for the Fabry-Pérot resonance in the cavity, made
of two mirrors with the reflection coefficients r; and r,. However, if we take into account
that in our case the mirrors are resonant, we will also find “for free” the collective eigenmode
frequencies. Indeed, if we substitute

(1)

= Tip (5.28)
o0
“o W — 1Yp

into Eq. (5.27) and solve for w for fixed ry, we recover
W= wy— ifyﬁ))(l + r9e??) | (5.29)

in exact agreement with Eq. (5.24),Eq. (5.25).

It is also instructive to plot reflection spectra for two unidentical emitters, with 'y%) > 'yﬁ))

as function of their spectral detuning w(()l) - w(()z). This is done in Fig. 5.3. Since fy%) > ”yﬁ)),
away from the first emitter resonance it does not contribute much to the reflection and one has

Ttot == T9. Closer to the resonance the presence of the first emitter is manifested as a specrally
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Figure 5.3: Reflection spectra for two unidentical emitters with v,5 = 7y;p. Different curves correspond to

(1) _ @)

different values of (wg / 783), indicated on graph on top of the curves. Calculation has been performed

following Egs. (9.6) for v =0, ¢ = 0.

narrow resonant feature. This feature is, in general, asymmetric and its shape depends on the
detuning. Such asymmetric spectral lines are very typical when there exist several resonances
with different spectral linewidths in the system and is termed as Fano resonance. This follows
original work of Ugo Fano on interference of different ionization processes in atomic physics [10]
but is now often used in a much broad (maybe, too broad), context. More details on Fano

resonances in optical settings can be found in Ref. [11].

5.5 Super- and subradiant modes for N =2

We will now illustrate the non-Hermitian Hamiltonian approach above for two identical coupled
emitters . Since their eigenfrequencies will be the same, the interaction effects will be even
stronger than in the previous section. They can no longer be treated perturbatively. To find
the eigenmodes we will diagonalize of the effective non-Hermitian Hamiltonian matrix Eq. (5.7),
that assumes the form

wo — 1 + —iype'¥
- o —i(vp +7) 71D ' (5.30)

—iype'? wo — i(yp +7)
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We remind that ¢ = wyd/c is the phase gained by light between the two emitters and plays

the role of the dimensionless distance. The eigenfrequencies are given by
Wi = wy — iy — i(71p £ 11pe) . (5.31)

and the eigenvectors correspond to symmetric and antisymmetric excitation, [1,41]/v/2.
Equations (5.31) show, that both the real and imaginary parts of the two decay rates are

renormalized by the interaction:
Rews =wp £ yipsing , —Imwy = v+ yp(1 £ cosyp) . (5.32)

Figure 5.4 shows how the real and imaginary parts of the eigenfrequencies depend on the
distance between the emitters. Clearly, they exhibit an oscillating behavior. Indeed, the
complex off-diagonal terms in Eq. (5.30) have both real and imaginary part. These parts
correspond to dispersive (also called exchange) coupling and dissipative coupling, that tend to
split real and imaginary parts of the eigenfrequencies, respectively. Such type of oscillating
behavior of collective modes has been first observed in Ref. [12] for two trapped ions. Similarly
to the case of a single emitter, we interpret the terms y;p(1 4 cos ¢) as the radiative decay
rates of the two coupled emitters. As a sanity check, we see that the decay rates state positive.
In other words, Imwy < 0, which means that the eigenexcitations of the system, o< exp(—iwt),
decay in time. The special case, similar to Fig. 5.2 is when ¢ = 0 (¢ = 7). In this case the
decay rate for the symmetric (antisymmetric) mode wy (w_) is equial to 27v,p, twice larger
than for an individual emitter. This mode can be called a collective superradiant mode of the
two emitters: constructive interference between radiation of the two emitters leads to twice
large radiative decay rate. The concept of superradiance has been initially put forward by
Dicke [13] in a broader context of N emitters and many photon excitations, we will encounter
it many times in this book. The antisymetric mode for ¢ = 0 (symmetric mode for p = ) is
completely dark, that is, its radiative decay is zero. When the distance between the emitters is
changed, and deviates from an exact value of 0, 7, 27, the dark states stops being completely

dark and becomes subradiant:

2

—Imw_=~+ %”ym for p < 1. (5.33)
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Figure 5.4: Real (a) and imaginary (b) parts of the eigenmodes of two coupled emitters. Calculated following
Egs. (5.31) for v = 0.

If the other decay channels are weak v < vip, one has |Imw_| < 7p and, according to
Eq. (5.22), the mode will be seen as a sharp resonance in the reflection spectrum. It is this
subradiant state resonance that is behind the narrow dips in the reflection spectra in Fig. 5.2(a)

for ¢ close to 0, .

For those more used to quantum mechanics description of the spontaneous emission, there
is another simple way to explain collective enhancement or suppression of light emission. Let
us use the Fermi Golden rule to calculate the radiative decay rate:

oo

or [ dk,
—2Imw(”):% S IV Po (g — helk) (5.34)

— 00

Here, My, is the matrix element for the interaction of the plain electromagnetic wave exp(ikz)
with the given mode. That, Eq. (5.34) represents the sum of the probabilities of emission
of waveguide photons. For simplicity we also in Eq. (5.34) assume v = 0. The reason of

the factor 2 in the left-hand-side is that the emission rate is twice the imaginary part of the
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eigenmode frequency: if ¢ oc exp(—iw®t), then || o< exp(—2Imw™t). In order to actually

use Eq. (5.34) we also need to calculate Mk(f'). We define it as

N
MY =g Y ekdmy () (5.35)

m=1

where hg is the photon-emitter interaction strength. Since we know that for the two emitters

) = [1, £1]/v2 we get

ME = %(1 + oty | (5.36)
and
—2Imw® = 2—92 (1 + cos C‘}Lal) . (5.37)
c c
If we identify
o = g*/c (5.38)

as a spontaneous decay rate of a single emitter in the waveguide, we recover exactly the

radiative decay rates from Eq. (5.32).

5.6 Non-Markovian effects

In this section, we will go beyond the Markovian approximation usually used in this book.
Namely, we will solve Eq. (5.27) for the collective modes of the two emitters without assuming

that they are closed to each other:
1 — r?exp(2iwd/c) = 0. (5.39)

Here, we explicitly write ¢ = wd/c and we are going to take the dependence of ¢ on w
into account. For simplicity, we assume both emitters to be the same and we remind that

r =ivip/[wo —w —i(y+p)]. Substituting explicit expressions for r(w) into Eq. (5.39) we find

Wy = wy — 17 — im1p F imp exp(iwsd/c) . (5.40)
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Figure 5.5: Eigenmodes (5.41) of two coupled oscillators beyound the Markovian approximation. Calculated
for y1p/wo = 0.02,y = 0 and varying wod/c = 0...7w. Aarrows indicate the direction of increasing d the values

of v and mode parity sign + are indicated near each curve.

Compared to Eq. (5.31), these are now transcendental equations to solve for complex wy. The

solution can be formally written as

Wi = o + iC—CiW,, {q:'“?d exp (f"%dﬂ . Qo= wo— iy — i - (5.41)
Here, W, (z) is the so-called Lambert W-function, found as solution of W (z) exp[W (2)] = =.
Importantly, it is a multibranch function, characterized by the integer index v. Thus, there are
infinite eigenmode solutions for two oscillators! Where do the additional modes come from?
The answer is simple — the extra modes are just the Fabry-Pérot modes in the cavity, formed
by two emitters, acting as resonant mirrors. There is, in principle, an infinite amount of such
modes, so we should not be surprised much. Indeed, at larger |v| > z the main term in W, (z)
asymptotic expression is 2wiv. Being substituted in Eq. (5.41) this gives a set of Fabry Pérot
modes separated by 2mc/d.

At small spacing d, when photon flight time d/c is much less than the spontaneous emission
lifetime 1/71p, the argument of the Lambert functions is small, and one can use the approximate

expression Wy(x) ~ z. Both solutions of Eq. (5.41) then reduce to

d vod .
Wi A2 Qg + i< {:F%D exp (1WL>} ~ Wy £ iyipe? . (5.42)
c c

This is equivalent to the usual Markovian approximation answer Eq. (5.31). For v # 0 and
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d < ¢/v1p the rest of the solutions will be strongly detuned from wy by the frequency ~ ¢/d.

The complex spectrum of eigenmodes plotted for varying d following Eqs. (5.41) is shown
in Fig. 5.5. For low values of d, when y;pd/c < 1, there only two eigenmodes in the spectra
vicinity of the resoance |w — wy| < v1p, which are just the usual solutions Eq. (5.31). When
the phase wyd/c = ¢ changes, the imaginary and real parts of these two modes oscillate
and they rotate around the point wy — iyip, just as shown in Fig. 5.4. This is manifested
by spirals in the middle of Fig. 5.5. For large values of d, however, additional Fabry-Pérot
modes appear “from infinity” and the eigenspectrum becomes much more complex. Thus, even
the seemingly simple problem of two coupled oscillators becomes quite involved beyond the

Markovian approximation!

5.7 Summary

To summarize, we have seen that the problem of light scattering on just two emitters is
surprisingly rich. The reason behind this is multiple scattering of light from the emitters
with constructive or destructive interference. Depending on the distance of the emitters, the
difference between their resonant frequencies and their radiative decay rates, one can realize
totally different regimes of interaction. The two-emitter problem can illustrate large part of
the collective interaction effects. We will however see in the next chapter, that there are also

some effects which uncover for larger arrays with N > 2.

35



5.8. ADDITIONAL READING CHAPTER 5. SCATTERING ON TWO EMITTERS

5.8 Additional reading
Fano-like resonance for cavity side coupled to a waveguide: S. Fan, “Sharp asymmetric line
shapes in side-coupled waveguide-cavity systems”, Appl. Phys. Lett. 80, 908 (2002)

Fano resonances in photonics: M. F. Limonov et al., “Fano resonances in photonics”, Nat.
Photonics 11, 543-554 (2017).

A detailed discussion of original Purcell work [8] on spontaneous emission: M. Glazov et al.,

“Purcell Factor in Small Metallic Cavities”, Phys. Solid State 53, 1753 (2011)
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Chapter 6

2 x 2 non-Hermitian Hamiltonian

In the previous chapter, we have seen, that non-Hermitian effective Hamiltonians H,,,, naturally
arise when considering a problem of emitters coupled by light, i.e. by the processes, when
photon is emitted by an atom n and reabsorbed by an atom m. The goal of this chapter will
be to study the properties of the non-Hermitian Hamiltonians in a bit more detail, without the
focus on the particular setup of a one-dimensional emitter array. We will consider the generic
situation, where two emitters, that can in principle be different, are coupled to exactly the
same electromagnetic mode. This can be realized, for example, when emitters are located in
resonance with the same photonic mode of a cavity. As illustrated in Fig. 6.1, this mode will
induce both collective dissipation for the emitters, when energy is emitted in the far field, and
dispersive coupling, when a photon emitted from the first emitter will be reabsorbed by the

second one and vice versa.

6.1 Derivation of the Hamiltonian

Let us again rewrite the general equation (5.7) for N = 2, assuming that the Green function
G(2m, zn) = G, i.e. it does not depend on the emitter positions. This can be realized when for

example emitters are placed close to each other, or in the different antinodes of the standing

W(()l) - aG —a;G p1 P1
) =w . (6.1)
asG wy —asG | \p2 D2

Here, we assumed that the only decay mechanism comes from the emission of photons into the

mode, so we have set internal decay rates v to zero. It instructive to symmetrize the problem
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Figure 6.1: Schematic illustration of two emitters coupled to the same electromagnetic enviroment. Real part
of the elecrtromagnetic Green function Re G is responsible for the dispersive coupling, imaginary part Im G is

responsible for the collective dissipation.

Eq. (6.1) by changing the unknowns to ¢1 2 = p12/,/a12. For a two-level atom emitters,
these amplitudes 1, o describe the coherences between the ground and excited states. We also

explicitly The system Eq. (6.1) is then transformed to

wy; —1 — 1,/
Hip = wip, H = 1 T g Y172
g—iymy2 w2—in

, (6.2)

2) —ay 2 Re G are the resonant frequencies of two coupled emitters (both are real),

where wy 9 = wol’
shifted due to their interaction with photons by a;» Re G. The parameter g = —,/aja; Re G
describes the dispersive part of the coupling and the real parameters v; 2 = —a1 2 Im G describe
the dissipation. The form Eq. (6.2) makes the distinction between the dispersive (exchange)

and dissipative parts of the effective non-Hermitian Hamiltonian especially clear. We can write

T

w
H = Hexch + Hdiss’ Hexch - vy ) Hdiss = -1 m m . (63)

g w2 V2 V2
The dissipative part is a rank-1 matrix, which is a direct consequence of the fact that the
dissipation is due to the emission into a single photonic mode. In a more general case, the
number of terms in the expansion of the dissipative part of the effective Hamiltonian is equal

to the number of independent decay channels [16].
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6.2 Exceptional points. Strong and weak coupling

The eigenfrequencies wy of Eq. (6.2) are given by

: N2
witw2 7+ Wy —wy — iy +1 .
Wy = 12 2—1%2%1\/5, D:( L 271 72) + (g —ivmr)?.  (6.4)

Figure 6.2 plots the dependence of the real (a) and imaginary parts (b) of the eigenfrequencies
on the dispersive coupling strength ¢ for the case of zero detuning, when w; = wy. We have
also chosen 7, = 0, which means that the dissipative part of the coupling matrix element
g —iy/M7: in Eq. (6.2) is exactly zero. Even then, the problem is not trivial and there are
two qualitatively different coupling regimes. For |g| < 71/2 = 1, the coupling is weaker than
the half-difference between the imaginary parts of the complex eigenfrequencies. As a result,
the coupling leads to the renormalization of the decay rates, Imwy in Fig. 6.2(b), but the
real parts stay equal to zero. As a sanity check we see that Imw; < 0: the eigenexcitations
of the system, o exp(—iw+t), decay in time. In the opposite case, |g| > 71/2 = 1, the real
parts of the eigenfrequencies are split and imaginary stay the same. This regime of large
dispersive coupling is similar to usual avoided crossing of levels in Hermitian problems. In the
case when both decay rate and dispersive coupling are present, the parameter range when the
coupling is stronger than the decay rates is called strong coupling regimes. It means that the
excitations can be coherently transferred between the emitters, and the transfer rate is faster,
then the rate of dissipation. The opposite case of small g is called the weak coupling regime.
In the very strong coupling regime, one can think of the eigenstates of the non-Hermitian
Hamiltonian as hybridized even and odd combinations of the excitations of first and second
emitter, [1)1,5] = [1,41]/+/2. In the weak coupling regime with g < 5 it is easier to think

of the eigenstates as independent modes, [1,0] and [0, 1].

The transition between the strong and weak coupling regimes goes through the exceptional
point, that is seen as square-root singularities in Fig. 6.2 at g = £1. Not only two eigenvalues
are the same at the exceptional point, but also the eigenvectors coalesce and the Hamiltonian

matrix becomes degenerate.
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Figure 6.2: Real (a) and imaginary (b) parts of the eigenfrequencies (6.4) depending on the coupling strength

g. Calculation has been performed for zero detuning, w(() ) = w(() ) and for ~v9 = 0. Dashed red lines in (a) show

the asymptotic description in the strong dispersive coupling limit, w4+ = +g¢. Blue shading indicates the weak

coupling regime. Other calculation parameters are indicated on graph.

6.3 Friedrich-Wintgen condition

Figure 6.3 shows the dependence of the complex eigenfrequencies wi on ¢ in a slightly more
general scenario. Not only the eigenfrequencies w; and ws are detuned from each other, but
also 7, > 0, so that there is an extra off-diagonal dissipative coupling term /7172 in Eq. (6.2).
One can then see in Fig. 6.3 that there is a special point when one the imaginary part of one
of the eigenvalues turns to zero. This point can also be found analytically from Eq. (6.4). If
we denote /D = z + iy, we need y = (v + 72)/2 to have real-valued solution. This yields to

the condition
Y1+ 72

ReD = z? —4* ImD = 2xy, with y = 5

(6.5)

Finding x from the first equation and substituting in the second one, we find

/B =) 66

ReD — (z° — y?) <g—
71— 2
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Figure 6.3: Real (a) and imaginary (b) parts of the eigenfrequencies (6.4) depending on the coupling strength g.
Calculation has been performed in the detuned case, \(Dél) — (I)(()Q)| = 1. Red dot indicates the Friedrich-Wintgen
condition Eq. (6.7), where the imaginary part of one of the eigenmodes is exactly zero. Dashed red lines in (a)
show the asymptotic description in the strong dispersive coupling limit, w+ = 4+g. Thin horizontal lines show
the eigenfrequencies assuming no coupling between the emitters. Other calculation parameters are indicated on

graph.

which leads to

Viva(wr —w2) = g(n — 1) - (6.7)

This is a so-called Friedrich-Wintgen condition, named after the authors of Ref. [17]. Currently,
it is often used in the context of so-called bound states in continuum in photonic structures [18],
where it describes destructive interference of decay via two different decay channels. In the
previous chapter, discussing two emitters coupled to the same waveguide mode, we have already
encountered such points with Imwy = 0 and associated them with dark states see Fig. 5.4 for
d=0,\/2,\. There we considered identical emitters with no detuning, w; = wy and 7, = 7.
The The Friedrich-Wintgen condition then reduces to just g = 0, zero dispersive coupling. This
is exactly the case for d = 0, A/2, A, when the Green function o iexp(27ip) = iexp(27id/\) is

purely imaginary. Thus, the dark states present a particular realization of the Friedrich-Wintgen
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condition.
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6.4 Summary

To summarize, in this chapter, we have learned that even the seemingly simple problem of two
emitters coupled to the same electromagnetic environment can be nontrivial. Depending on the
spectral detuning between the emitter resonances, their decay rates, and the dispersive coupling
strength, one can realize both strong coupling regimes when excitations of both emitters can be
hybridized by hopping from one emitter to another and back, and the weak coupling regimes,
when the excitations dissipate faster than hopping and thus stay localized. Transitions between
the two regimes goes through exceptional points. There are also special cases, when the decay
rate of one of the modes becomes exactly zero, i.e. the mode is dark and does not dissipate in

the environment.
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6.5 Additional reading

More on symmetry of 2 x 2 non-Hermitian Hamiltonians in optics [19] .

Discussion of non-Hermitian Hamiltonian for a general system: W. Suh et al., “Temporal
coupled-mode theory and the presence of non-orthogonal modes in lossless multimode cavities”,

IEEE Journal of Quantum Electronics 40, 1511-1518 (2004) .
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Chapter 7

Light interaction with N > 2

periodically spaced emitters.

The goal of this chapter will be to study the collective light interaction with N > 2 emitters,
arranged in the periodic array and coupled to the waveguide mode, see Fig. 7?7. Some of
the phenomena, such as formation of collective super- and sub-radiant eigenmodes, will be
essentially the same as in the case of N = 2. The super-radiant modes will just get brighter,
and the subradiant modes will just be darker for a larger number of emitters N. However,
there will be also new phenomena for long periodic arrays. We will show, that light can see a
long periodic array of emitters either as an effective medium, where the interaction will be
averaged over all the emitters, or as a resonant periodic photonic crystal. In the first case the
whole array can be described by some effective permittivity, in the second case, the photonic
band gap will form, similarly to band gaps for electrons in usual crystals. The description of

such interaction of light with arrays will require different theoretical tools.

7.1 Collective super- and subradiant modes for N emit-

ters.

Let us again look for the eigenstates Eq. (5.7) in the case of the periodic array, when wyz,,/c =
em, and ¢ = wpd/c is still the phase gained by light between the two emitters.

N
Wopm — 110 Y _ €M p, = wp,, m=1,2... N, (7.1)

n=1
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CHAPTER 7. LIGHT INTERACTION WITH N > 2 PERIODICALLY SPACED
7.1. COLLECTIVE SUPER- AND SUBRADIANT MODES FOR N EMITTERSIITTERS.

b .0 O O

Figure 7.1: Periodic array of resonant scatterers coupled to the waveguide.

where wvarpi = 2wd/\ is the phase gained by light propagating between the two neighboring
emitters. In this chapter, we will focus on specific case of the Bragg-spaced array. when

d=\/2,s0 p=m.

We start by rewriting the coupled equations using the fact that ¢ = 7

N
WoPm — 171D Z(—l)"””pn = WPm, m=1,2...N, (7.2)
n=1

Next, we make the substitute (—1)"p,, = x.» which leads to

N N
WOXm—i%DZXnE—i%DA:me, m=1,2...N, A:ZX"’ (7.3)
n=1 n=1
The same equations describe the systems with d = 0, A\, 2\ .... Next, we can sum the equation
(7.3) over m:
(w4 iypN —wo)A =0. (7.4)

From this we find that if A # 0 than w = wy — iy;p/N. For the solution with w = wy — iy1p NV
we find from Eq. (7.3) that all y,, are the same. For the solution with A = 0 Eq. (7.3) means
that w = 0.

Hence, there is a symmetric solution with

X1=X2=---XN;w=wo —iNVp (7.5)

and N — 1 states with w = wy , where eigenvectors satisfying the condition

N
n=1

The first solution demonstrates collective enhancement of the spontaneous emission rate,

—Imw = N~p, it is a Dicke superradiant mode. The radiative decay rate for this mode grows
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—_
o

(a)

(6]
T
1

o

0 0.2 0.4 0.6 0.8 1
Array period, d/A(wy)

Eigenfrequency, Re(w — wq)/yip Decay rate, -Im w/yp

Figure 7.2: From Ref. [20]. Imaginary (a) and real (b) parts of the complex eigenfrequencies of the array of
N = 10 atoms coupled to a waveguide depending on the period of the array d. Shaded areas (b) show the
edges of the polariton band gaps. Each value of d/X corresponds to N = 10 eigenvalues.

proportionally to the number of emitters. This is the most basic effect of collective dissipative
interaction. All the other modes have zero decay rates, and can be termed as dark. These
super- and sub-radiant modes can be seen as generalization of the modes (5.32) for N = 2

emitters for the particular case of ¢ = 7.

Let us now consider a more general case of arbitrary spacing. We plot in Fig. 7.2 the
complex eigenfrequencies of Eq. (7.2) for N = 10. As already expected after considering the
two-emitter case, the eigenfrequencies oscillate with the array period d. At d = 0, A\¢/2, Ao
there is one superradian state and N — 1 dark states. When the period is detuned from this

condition, the dark states acquire nonzero decay rate.

How does this picture depend on N7 For the superradiant state, the answer is already
known and trivial, w = wy — iN~v1p. The scaling of the decay rates for subradiant states can
be found using the Fermi Golden rule, similarly to the case of N = 2 emitters, considered in

Sec. 5.5: N
© 4 |
9 Tmw = QW/ W 250 — clhl), My =g 3 chimy,, (7.7)
oo 2m —

Here, M, is the matrix element of the interaction of the state 1, with photon with wave vector

k , wp is the emitter resonance frequency, d is the array period, g is the coupling constant. We
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Preeet

Figure 7.3: Schematics of the spatial profile of the most superradiant (left) and most subradiant modes (right).

can also rewrite the decay rate as

N
1 .
—2Imw = EMS, My=yg E "y, = wod/c. (7.8)

m=1

Let us now calculate the decay rate for the states with

Um = (superradiant state) , (7.9)

(—1)"sin —W(m ]:7 1/2)

=] é"’_l

Um = (most subradiant state for wod/c < 1) (7.10)

Here, we assume that NV > 1. The states are illustrated in the Fig. 7.3. We have already proved
that Eq. (7.9) is the eigenstate. We give here Eq. (7.10) for the subradiant state without proof.
The derivation can be found in Ref. [21] and it can be also easily checked numerically that is
the darkest state. It is also easy to see that Eq. (7.10) satisfies the condition SN _ 4, = 0.
The sign oscillations lead to the destructive interference of the photon emission from different
emitters and suppress the overall decay rate. For the Dicke superradiant state, the decay rate
calculation is trivial and yields My = gv/N and —2Imw = 2N~;p. As expected, the radiative
decay rate is enhanced oc N because of the constructive interference of the waves from different

emitters.

For the subradiant states, the calculation is more involved. We first find

V2 (e +eleNHD _eiNe 1) ¢
My = — 5 — sin — (7.11)
VN (%% 4 2cos Telv + 1) 2N

and then expand this up to the linear terms ¢ to find

gV
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which results in

7% (wod/c)?

9Tmw =
mw SN\

7p (most subradiant state) , (7.13)

where 7;p = ¢*/c. This answer can also be found in [21]. Tt means that the state quickly
becomes darker for larger N. It has been proved in Ref. [22] that such 1/N? scaling is universal.
The reason for such quick suppression can be intuitively understood as follows. First, the state
Eq. (7.10) oscillates with a m-phase difference between neighboring sites, which suppresses the
light-matter coupling matrix element Mj. Second, it is also close to zero at the border of the
structure, see Fig. 7.3. Since the radiative decay goes through the edges of the array, this state
kind of stays away from the edges, which gives an extra power of N in denominator. One
can quickly check this by calculating the decay rate for example for a simpler trial function
of ¥, = (=1)"/ VN, that will be parametrically larger. In special cases the decay rate can

decrease with IV even faster, see review [20] and references therein.

7.2 Transfer matrix method

7.2.1 (General approach

iqr z .
€ t%elqr(z—L)
7.(_)951(1;: +
-
} } v
0 L z
(b)
e—iqr(z—L)
t e inz -
- re,eidr(z=L)
e
0 i .

Figure 7.4: Definition of reflection coefficients r.., r<, and transmission coefficients ¢_,, ¢, of light, incident

upon the scatterer with length L from left (a) and right (b) half-spaces, respectively.

We consider one-dimensional problem of light scattering on a general object, see Fig. 7.4.

The scattering is characterized by the transfer matrix 7" that can be conveniently expressed in
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the basis of right-propagating (E*) and left-propagating (E~) waves

B\ * + By e (2 <0)

E(z) = (7.14)
E—ii_ghteiqr(z_L) + E_ighte_iqr(z_L) (Z > L) )

T r

where ¢,; are light wave vectors from the left and from the right of the scatterer. The 2 x 2

matrix T relates the electric field amplitudes by

Ef E;
Rl Al e I (7.15)
Eright Eleft

Goal: Express the transfer matrix elements via the complex reflection coefficients r.., r.,
and transmission coefficients t_,, t_, corresponding to the initial wave incidence from the left

and right sides, as illustrated in Fig. 7.4.

Answer:

1 Lyt —rore, 1o

T=— . (7.16)

It can be proved that this is indeed an answer by checking the relations

T - . T - : (7.17)

for scattering of the the waves incident from the left and from the right.

Tt = TnTn-1 ... ToT, (7.18)
T2 1 detT

_ e, 7.19

T, T T, (7.19)
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~HIH -

Figure 7.5: Schematics of light reflection and transmission from a structure with N scatterers.

7.2.2 Reflection and transmission from a periodic structure
We consider light reflection from a periodic structure containing N unit cells, see Fig. 7.5. The

transfer matrix through 1 unit cell is given be

T=— 2 : (7.20)

Goal: Calculation reflection coefficients ry and ¢y for the structure. Express them via rq,

t; and the eigenvalues of the transfer matrix exp(+iK).

Answer:

B r1sin(NK) A t1sin K
N7 sin(NK) — tysin[(N — DK] "N~ sin(NK) — ¢y sin[(N — 1)K]

(7.21)

Solution: The solution can be found e.g. in [23] and [24], see also [yariv].

To find the solution we first find the eigenvectors of the transfer matrix C'; 5 that are defined

as T'Ch o = etk (' 2. Using the explicit transfer matrix definition we find

c : .
1,2 = y 12 = 1 fobik -
12

(7.22)

Next, we use the boundary conditions. On the left of the structure, the field amplitudes are

given by Er, = (,} ) and on the right side the field amplitudes are Ep = (*)) . The transfer

TN

matrix connects fields on the left and on the right

TVE, = Eg. (7.23)
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In order to calculate TV we expand the electric field in terms of the eigenvectors Cf 5 ,

Q2 — TN ay — TN

Ep=Cfi+Cofs, fi= , fo= . (7.24)
a] — ao a1 — a2
Next, we can write
ER - TNEL == CleiKNfl + CgeiiKNfg . (725)
Since Ep = (') ) we find
e iKN el KN
fl — _w’ f2 — w . (726)
a1 — Az a1 — a2

Combining Eq. (7.26) and Eq. (7.24) and solving them for ry, ¢y we obtain Eqs. (7.21).

7.3 Polariton dispersion

We consider wave propagation in a one-dimensional periodic array of scatterers, shown in

Fig. 7.1. Wave scattering on each period is characterized by the 2 x 2 transfer matrix

T = ,TfreeTres (727)
where
eled ()
ﬂree - (728)
0 el

is the transfer matrix for the free waveguide propagation in the basis of propagating waves,

q=w/c, and

1 (2 —=r% 7 171D

—r 1 wo —w —i(yp +7)’

t=1+r (7.29)

is the resonant matrix of a scatterer.
We are interested in the propagating Floquet-Bloch solutions, that satisfy T = e,
Goal: Find the dispersion equation, that is express cos K via the transfer matrix elements.

Answer: We use the general answer cos K = Tr7'/2 and find

sin gdvyip

cos K =cosqd — ———— .
Wy —wW — 1%

(7.30)
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This answer has been obtained in [25] for the array of quantum wells.

We are interested in finding the eigenstate 1) and the eigenfrequency w for the infinite array

of emitters:

> Hupntbn = b,  Hypp = (wo — 17)85n — imapeto?m=l/e. (7.31)

n=—oo

Here, wy is the resonant frequency, c is the speed of light, v is the nonradiative decay rate, vip
is the radiative decay rate. Due to the translational symmetry of the problem, H,, ;41 = Hyp

the solution v, can be sought in the form
Um = o™, (7.32)

where K is the polariton wave vector depeding on w.

Goal: substitute Eq. (7.32) into Eq. (7.31) and find the equation for K (w) describing the
law w(K). Plot K(w) numerically in the range wy — 1091p < w < wy + 107;p for the following
set of parameters: v = 0,wod/c = 0.5.

Answer:

- wod
npSm T (7.33)

W —w — iy

wod
c

cos K = cos

7.4 Effective-medium approximation

Goal: Simplify the dispersion law in the limit K < 1, wd/c < 1 and rewrite it in the form
K? = w?e.g(w)/c. Obtain the expression for the effective medium permittivity eqg(w). Plot on
the same plot the dispersion law obtained exactly and in the effective medium approximation
for wod/c = 0.5m and wpd/c = 0.977 (take vyip/wo = 1072).

Answer:

271D

aeff(w) = 1+m

(7.34)

The dispersion law is plotted in Fig. 7.7. It shows avoided crossing between the emitter
resonance, w = wy and the light dispersion withount emitter w = ¢K (thin lines). Surprisingly,

the effective medium approximation works well even for a large period wod/c = 0.57. For a
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Figure 7.6: Dispersion law in the array of emitters. Calculation has been performed for ¢ = 0.157.
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Figure 7.7: Dispersion law in the array of emitters.

close-to-Bragg period , wod/c = 0.977, there is an additional band gap in the dispersion.

2Ny7p

t 2=e¢ %P OD= :
in(w)|” =e @ — )2+ 72

(7.35)

7.5 Bragg-spaced arrays

Blue lines show the edges of the photonic band gaps found from the condition Im K = 0.

Clearly, the reflection coefficient is at maximum inside the band gaps.

The situation when the atomic resonance frequency and array period d satisfy the resonant
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Appendix A

Green function for the Helmholtz

equation

Here we will find the Green function G(z) of the one-dimensional Helmholtz equation , satisfying

the equation
d®G(z)

S5+ @G () = —no(2) (A1)

where ¢ = w/c is the light wavevector. At z — +o0o, the Green function should describe the

outgoing wave, that is, it should satisfy the radiating boundary conditions.

We first note that for z > 0 or (z < 0) the right-hand side of Eq. (A.1) is zero. Hence, we

can choose the Green function in the form of plane waves, that satisfy the homogeneous wave

equation:
A + A e (2 >0)
G(z) = (A.2)
B,e" + B e (2 <0).
We also use the radiation boundary conditions A_ = 0 and B, = 0, that is we assume that

the answer can not contain any terms corresponding to the waves incident on the source, only
the terms propagating from the source. Due to mirror symmetry of the original equation

Ay = B_ = A and the Green function can be sought as

Ael?*, (2 >0) _
G(z) = = Aeld*l (A.3)
Ae™9%(z < 0) .

Now we need to satisfy the equation also at z = 0, that is, to find A. To this end, we can
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formally substitute the expression Ae'??l in the left-hand side. Using the identities

%M = sign z, % sign z = 2§(z) (A.4)
we find that
dﬁf) + 2G(2) = 2igAd(2) (A.5)
which results in the answer
G(z) = 2migel??l . (A.6)
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Appendix B

Resonant susceptibility

Here, we provide more intuition intro Eq. (4.6) for the resonant emitter susceptibility. Let us
consider a toy model for an atom interacting with the electric field. The model represents a
charge ¢ with mass m moving in a harmonic potential mw2z?/2 with the resonance frequency

wo around a charge —q. The moving charge then satisfies the Newton equation of motion
mz — 2myz + mwiz = q[E(2)e ™ + E*(2)e™'], (B.1)

where the right-hand side is the force acting upon the atom because of the time-dependent
electromagnetic field E(z,t) = F(z)e™ ! + E*(2)e“!. We have also introduced a phenomeno-
logical friction force described by the coefficient . The dipole moment of the atom is given by
Prot = q2(t) and can be sought in the form py(t) = pexp[—iwt] + c.c. Solving Eq. (B.1) for
p(t) o< e ! we find

2
p= aE’ o = q (BQ)

mlws — w? — 2iwy]

It is easy to show that for 7 < wy Eq. (B.2) becomes equivalent to Eq. (4.6) with a = ¢*/(mwy).
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