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The Gaussian Correlation Conjecture states that for any two symmetric, convex sets in
n-dimensional space and for any centered, Gaussian measure on that space, the measure
of the intersection is greater than or equal to the product of the measures. In this paper
we obtain several results which substantiate this conjecture. For example, in the standard
Gaussian case, we show there is a positive constant, c, such that the conjecture is true if
the two sets are in the Euclidean ball of radius C1/1. Further we show that if for every
n the conjecture is true when the sets are in the Euclidean ball of radius \/ﬁ, then it is
true in general. Our most concrete result is that the conjecture is true if the two sets are

(arbitrary) centered ellipsoids.

Introduction. The standard Gaussian measure on IR" is given by its density:

1 el

A general mean zero Gaussian measure on R" is a linear image of the standard Gaussian
measure.

Let C,, denote the collection of convex closed subsets of IR"which are symmetric about
the origin.

Conjecture C. For any n > 1, if ;1 is a mean zero, Gaussian measure on R", then for all
A, B ey,
W(AN B) = u(A)(B).

Recall that a function f : R™ — R™ is called quasi concave if for any r € R the
set {x € R" : f(x) > r} is convex. For such an f let A = {(x,t) : f(x) > t} and
Ay ={a: f(x) > t}. Then, A; is convex and symmetric if f is symmetric and further,

fla) = /OOO I, () dt.

By Fubini’s theorem Conjecture (C) has the following functional version.
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Conjecture C'. Let f,g be non-negative, quasi-concave, and symmetric. Then

E,. (f 9) > E,(f) E./(9),

where IE,, (f) denotes the expectation of f with respect to p,,.

It is, of course, enough to show conjecture (C) for symmetric and convex polytopes. Since
convex, symmetric polytopes are images of the unit cube [—1,1]™ in some possibly higher
dimensional space, IR™, under a linear map an easy integral transformation shows that
(C) is equivalent to the following conjecture (C") which is stated in a more probabilistic
language.

Conjecture C". If {X,;} ;| are jointly Gaussian, mean zero random variables, and
1 <k <n then,

P(max |X;| <1) > P(max |X;| < 1)P( max |X;| <1).
i<n i<k k<i<n

According to Das Gupta, Eaton, Olkin, Perlman, Savage and Sobel [DEOPSS], the
history of this problem prior to 1970 starts with a paper of Dunnett and Sobel [DS] in
(1955) and after contributions by Dunn [Du] in (1958), it culminated in papers of Khatri
[Kh] and Sidak [Sil], both in (1967), in which they independently obtained (C") in the
case k = 1:

Theorem (Khatri, éidék).Let {X;}, be jointly Gaussian, mean zero random variables.
Then

P(m<aX|Xi| <1)>P(|X1| £ l)P(lma<X | X < 1).
t<n <i<n

If a symmetric slab is defined to be a set of the form {z € R" : | < 2,u > | < 1} for some
u € R", the theorem above is equivalent to

Theorem. If ;1 is a mean zero Gaussian measure on R", A € C, , and S is a symmetric
slab, then
W(ANS) = u(Au(S).

As a corollary of the theorems above, they obtained a result which solved the problem

studied by Dunnett and Sobel [DS] and Dunn [Du].
Corollary (Khatri, Sidak).

Pmax | X, < 1) = T P(IX] < 1).
t<n =1

Another important milestone for this problem was achieved by the work of L. D. Pitt
in 1977, where the two dimensional case was settled. For an extensions of Pitt’s result see

[BJ.
Theorem ([Pi]).For any A,B € Cy p12(AN B) > pa(A)pz(B) .
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In [DEOPSS]| and Gluskin [Gl] measures other than Gaussian measures are considered.
The problem can and has been attacked using measure theoretic, geometric and analytic
techniques.

In this note we present several partial results using some of these techniques. In
Proposition 1 (section 1) we prove the conjecture for sets more general than sets having a
common “orthogonal unconditional” basis. Our main result, Theorem 3, shows that the
conjecture holds for arbitrary centered ellipsoids in IR".

In section 2, we show that the conjecture is true for “small enough” sets. We also
show, in Proposition 9, that the result holds “on the average”. It follows from the remark
following Proposition 5 that, if, in the statement of conjecture C, one puts the factor
27/2 on the left hand side, then the resulting statement is true. On the other hand, in
Proposition 8, we prove that if one could replace the factor 27/? with 2°(") then the
conjecture would follow.

We will need the following notations and concepts. In IR"™ the usual unit basis will
be denoted by ey, eq,...6, , | - | is the Euclidean norm, and < -,- > the scalar product
generated by |-]. BY = {x € R" : |z| < 1} will be the Euclidean unit ball and S"~1 =
{r € R" : |x| < 1} its sphere. The orthogonal group on R", i.e. the set of real unitary
n X n matrices, will be denoted by O(n). Lebesgue measure on R" will be denoted by m,.

Section 1. Geometrical restrictions.

By induction on the dimension it is easy to see that the conjecture is true if the convex
symmetric sets are l-unconditional with respect to the same orthogonal basis {e; }7_; (i.e.,
(¥1,...,2y) € A < (£a1,...,+2,) € A). Here we relax somewhat the geometrical
restrictions.

Proposition 1. Let v be a product probability on R". If A, B € C,, satisfy:
(i) t€e ANB = x;e, e ANB,Vi<n
(ii) for every pair of orthants, @ and @', [v(ANQ)—v(ANQ)]|[¥(BNQ)—v(BNQ")] > 0.
(in particular, if v(B N Q) are all equal).
Then, v(AN B) > v(A)v(B).

To prove this we need the following result. It can be found in [KR] and is related to a

result in [AD].

Theorem. ([KR] ). Let v be a product measure on R" and let f;;1 < ¢ < 4, be non-
negative functions on R" satisfying:

@) - fa(y) < fa(@ Vy) - falz Ay).

/fldu-/fzdug/fgdu-/f4dy.

Proof of Proposition 1. We shall first prove that the Karlin-Rinott theorem implies
that, for each orthant @),

(1) VAN QWBNQ) < UQUANBNQ).
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Let @) represent an orthant, say the first orthant, and let f; = Iang, f2 = Ing. f3 = Ig
and fy = Ianpng. To use the Karlin-Rinott theorem we need to show

reANQyueBNQ—=—=zxVycQandazAyec ANB.

Without loss of generality we may assume that « and y are in the interiors of A N ¢ and
BN @, respectively. We need to show that + Ay € AN B. Assuming this were not true we
let w be the point in AN BN which is the closest to x Ay. By the Pythagorean theorem,
w; < (@ ANy); for every 1 < ¢ < n. By (i), the rectangular box R = {z € Q; z; < w;, Vi}
is contained in A N B. Let U be an open set such that + € U C AN @ and similarly V
an open set such that y € VC BN Q. w is an interior point of the convex hull of U and
R which is a subset of A. Similarly, w 1s an interior point of the convex hull of V and R
which i1s a subset of B. Hence w is an interior point of A N B N (). Therefore, if x Ay is
not already in A N B N Q, we reach a contradiction.
The Karlin-Rinott theorem now yields (1). Now apply (ii) in order to deduce that

27" N U(ANQWMBNQ) <Y v(ANQWBNQ),
Q.Q @

which implies together with (1) the claim. m

We now want to show the correlation conjecture for two ellipsoids (in arbitrary posi-
tion).

Theorem 2. If A and B are centered ellipsoids in R", then p,(AN B) > pn(A)pun(B).

From Proposition 1 it follows that pun,(ENF) > pn(E)u,(F) if E and F are ellipsoids
with the same axis. Using the rotational invariance of p, we would be able to deduce
Theorem 2 if we could show that for two ellipsoids F and F in the standard position,

ie. E={zeR":>Y ", f—g <1}, and F = {z € R" : Y., f)—z < 1}, the minimum
of n(U(E)N F) over all U € O(n) is attained when U is some row permutation of the

identity. Actually this is true for all rotational invariant measures on IR".

Theorem 3. Let v be a rotation invariant measure on IR", and let

n n 2

2 4
E:{xER":Zi—éﬁl}, andF:{xER":Zx—;ﬁl}

i=1 i=1 "t

be two ellipsoids in standard position. Then the value of min{v(U(F)NE):U € O(n)} is
achieved for some row permutation P of the identity, in particular this means that P(F)
and E are ellipsoids with the same axis.

Proof. Using a standard perturbation argument we can and will make the following
assumptions.

Instead of considering the minimum of the mapping O(n) 3 U — [ Ip(U(x))Ir(z)dv(z)
we let f:[0,00) — [0,00) be a continuously differentiable function with f'(r) < 0 when-
ever r > 0, define for = € R™ F(z) = f(|z|%) where |z|% = Y7, 27/p? and we assume
that Uy € O(n) for which



/IE(U()(J}))F(J}) dv(xz) = min /IE(U(J}))F(J}) dv(x).

UeO(n)

We also assume that the radii r1,79,...,r, of E and the radii p1, pa,...,p, of F are
distinct. Finally, we will assume that v has a strictly positive density g¢(|z|) with respect
to m,,.

In order to deduce the claim we will show that the matrix

-2
Ty

UOTO OUO

is diagonal. Since the values ri_z are distinct for ¢ = 1,2...n this would imply that U,
must be a row permutation of some diagonal matrix J which has only the values 1 or —1
in its diagonal. Since J(G) = G for any ellipsoid, we can assume that J is the identity.

We start with a variational argument. For ¢ # j in {1,2,...,n} and a € R, let V((;;))

be the matrix which acts on R" in the following way. For « = (21,...,2,) € R" we set
(@) : : :
V(i’j)(:zj) = (&1, T, T COSA— T SIN QL Ty, .oy Tj—1, T SINAFTj COS A, Tjq1,. .., Tn),

le. V((;;)) acts on the two dimensional subspace of R" spanned by e; and e; as a rotation
by «, and on the orthogonal complement of that subspace, it is the identity.

Using the minimality of Uy we deduce that

0= | [ I en AT gt le] ]

a=0
0 T;cosa — xisina)? Ticosa + x;sina)?
o e
@ P; P a0
=205 = 7) [ i, (o) (el gl
We fix 1+ < n, and for @ = (21,...,2,) € R" we let 20 = (T4 @1, Tig1y ey Ty) €

IR"™'. Since the p;’s are distinct positive numbers we deduce that for any linear map

L:R"!' — R we have
) [ L e ot (el gl o = 0.

For j < nlet u; be the j-th row of Uy and u; 4 the s-th element of u;. Fory € R

we define )
"

Ly = Y utin/? ] > 5% <uf’.y > and
j=1

=1 i
~ 2 ~ < ug‘l)’y >?
Qy) == | X uljn/r; > o —1
1=1 1=1 J



For 2 € R" we observe that the following equivalences hold.

Uy(z) € E
= Y T ugarit <uf e 52 <
1=1
< l’? Zu%j,i)rj—Z + 2z, ZU(]"Z‘)Tj_Z < ugl)7$(’) >+ Z < ugl),x(’) >2 rj—2 <1
J=1 1=1 j=1

= 2?42, L(2D) + QD) <0

= L) 2 Q@) and |o; + L(®)] < /L2(29) - Q(a)),

We claim that L = 0. Indeed, from the equivalences above and (2) we deduce that

0 :/ 2 (D) (Je2)g(|2]) de
{z:Ug(z)EFE}

‘ —L(2")+/L2 (20)) —Q(a () ‘
-/ e | [ vif (el ()l das | dat).
L2(2(9)2Q(a (D) —L(2())=/L2 () - Q(a (D)

Since for fixed (¥ the function z; — z;f'(|z|%)g(|z|) is odd and positive if and only if z;
is negative we deduce that

i f ([ )g(l]) da;

—L(zD) /L2 (D)= Q(2(D)
/—L(x(i))—\/L2(x(i))—Q(x(i))

is positive (respectively, negative) if and only if L(z(")) is positive (respectively, negative).
Thus we deduce that

wif' (el )g(|e]) da;

L)L ) = QD)
L(2 /
—L(z(0) =/ L (2())=Q(z(")
is positive if and only if L(z(") # 0 and vanishes otherwise. Since Q(0) < 0 the inequality

L2(z) > Q(z) has solutions for a neighborhood of 0. This forces L = 0. Going back
to the definition of L we just showed that for ¢ # ¢ the (-th coordinate of
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S,

vanishes. But, on the other hand this coordinate is equal to the element in the i-th row
and (-th column of the product

—9
]

UOTO OU().



Since ¢ # ( are arbitrary elements of {1,...,n} this says that above product is a diagonal
matrix which finishes the proof of the theorem. =

While we do not know if C' holds for an arbitrary g and f = Ig, where E is an ellipsoid,
we show below that it does hold for f being a Gaussian density, and ¢ log concave.

Proposition 4. If ¢ is a non-negative, symmetric, log-concave function on R" and A is
a non-negative definite matrix, then

1 1
E, [exp(—§ < Az, x >)g(:1;)] > E, [exp(—§ < Az, x >)] E, [g(:z;)]
Proof. It suffices to assume that y = u,. Then,
1 _ _
B, exp(— 5 < Ar.o >)g(r)] = (det(I + )72 By [o((L + )72 ())].

We now diagonalize (I + A)_1/2 with the unitary U, let h = g o U and use the fact
that p is rotation invariant to allow us to write

E,[g((I+A4)7(2)] = B, [g(UUT (I + A" *UUT (2))] = E, [h(D(x))].
So in order to show that

E, [exp(—% < Az, x >)g(:1;)] > E, [exp(—% < Az, x >)] E, [g(:z;)],

we need only show that

E, [H(D(x))] = E, [h(x)].
Since I — D is a non-negative definite matrix, the result follows by a result of T. W. An-
derson [A]. =
Section 2. Restriction on size.

We will make heavy use of the following concept from convex geometry. Recall that
a non-negative function f : R" — RY is called log-concave if for .y € R" and 0 < t < 1,

flte + (1 =t)y) = f(2) fly)' ™,

i.e log f is concave on its support.

Note that the indicator functions of convex sets are log-concave and that log-concave
functions are quasi-concave. We also will need the following deep result of Prékopa and
Leindler.

Theorem([Le] and [Pr], see also [BL]). If f is log-concave on R"and 1 < k < n, then the
function ¢ : R¥ — R , with

g(:z;l,...,xk):/ kf(:z;l,...,xk,zl,...,zn_k)dz
R”™-
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is also log concave.

Since h o A is log concave whenever h is log concave and A is linear, and since the
product of two log concave functions is also log concave the following Corollary follows
immediately.

Corollary. If f and g are log concave, so is y — [ f(z 4+ y)g(z)dz.

In order to get a glimpse of the mysterious power of the Prékopa-Leindler result we
will use it in order to give a very short proof of the result of Khatri and Sidak.

We first observe that the conjecture (C) and thus (C') are trivially true in the case
n = 1. Assume that S = {z € R" : |z1| < s} and that A € C,,. For z; € R,

flay) := fRn—l Ta(x1,y)dpn—_1(y). Since the density of p,—1 and I4 are log concave

we deduce from [Le] and [Pr] that f is a log concave function on IR and thus

pANS) = /R I s(z0) f(er) dpa(w1) = pa([=s,8]) - By, (f) = p(S) - p(A4),

where the inequality follows from the one dimensional case.

Using the rotation on R"™ x R" given by (z,y) — (x\"/';”, x\;_ ) leads to the following

observation.

Proposition 5. If A, B € C,,, we have

(A+ B)
V2

Proof. Using the rotational invariance of the measure u,, @ p, we get

bn(A) - pin(B) < in( V(AN B))pin )

u—l—v v—u

\/i
-/ un«ﬂA ) NV (VEB 4 u)) ().

—~
D>

pan(A X B) /IA y) dpin(x) ity (y)
/ ) (o (do)

Note that for « € R" it follows that (v/24 — u) N (V2B + u) is not empty if and only if

there exists a z € IR" for which Z\"i/'—” € A and Z\/—” € B. Since that can only happen if u

lies in (A — B)/vV2 = (A + B)/v/2 we deduce that the integrand can only be non zero on
(A+B)/V2.

Furthermore, the mapping v +— [ f,((vV24 —u)N (V2B +u)) pn(du) is log concave by the
Prékopa-Leindler theorem. Since it is also symmetric, it is maximized at zero. Hence the

integral is bounded by /,Ln(\/i(A NB)) - pin( (A\%B) )-

Remark. Note that for any measurable X' C R" and ¢ > 1 it follows that p,(cK) =
(27r)_"/2 [ Ir(z/c) - el 2 gy = c"(27r)_"/2 S Irc(u) - e lul*/2 gy < "up(K). Thus
Proposition 5 implies i, (A)pn(B) < 2"/2/,Ln(A NB)if A, B € C,.
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Using m,(-) > (27)"2 11, (-), we deduce the following corollaries.
Corollary 6. For A, B € C,, we have

7)n/2
in(AN B) > %mmmm

Corollary 7. Suppose py is chosen so that m(2p,BY) = (27)"/2. (Note that p, =

S CCRRCULPNE N

Then, (AN B) > u(A)u(B), for all A,B € C,, with A, B C p,B}.

In Corollary 11 below we will show that, if we could replace the factor p,, by \/n, then
the conjecture would follow. We first make the following observation which indicates that
it would be enough to show (C) approximately.

Proposition 8. Assume that there is a sequence of positive numbers (¢, ) with
lim, — o cl/n =1, so that i, (ANB) > cppin(A)pn(B), for alln € IN and A, B € C,,. Then,
for alln € IN and A, B € C,,,

pn( AN B) > pial A)pin(B).
Proof. For each N consider AY = A x --- x A, and BY. The assumption gives:
fin (AN B) = pna(AY N BY) > enn pn(A)pa(B).

Taking nth roots, letting N — oo and using the hypothesis, the result follows. m
We now show that the conjecture holds on the average. This is true for more general
measures and more general sets.

Proposition 9. Let m be the Haar measure on the orthogonal group O(n), and let v be
a rotational invariant probability on R" assume that A, B C IR" are two star shaped sets
with 0 being a center, i.e. for any 6 € S"~ 1 the set {r > 0:rf € A} is an interval, which
we will denote by Ag.

Then it follows that

o0 v(ANU(B))dm(U) > v(A)v(B).

Proof. Since v is rotational invariant it is the image of some product probability 14 @0, (11
being a probability on [0, c0)) under the map: S*~! x[0,00) 3 (6,r) — 6r. We will also use
the fact that for any 6, the measure o, is the image of m under the map O(n) > U — U(6y).
Finally we observe that for two star shaped sets A and B, with 0 being their center, and
for any two 6, and 6" we deduce that 1v1(AyN By ) = min(v1(Ag),v(Be)) > 11(Ag)-v(Bar).
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These observations allow us to make the following estimates.

/O(n) v(ANU(B) /Sn 1/Sn 1/ I, (r)Ip,, (r)dvy(r)do,(0)do,(8")
:/n /S (A6 N By ) doy (6) o (6)

/Sn / (A (NBg/) don(8) doy (6')
:/Sn_lV1(A9)dan(9)/sn_1yl(Be,)dgn(g’):V(A)V(B)7

v

which proves the claim. =

Corollary 10. For any r > 0 and any A € C,,,

pn(ANTBY) = pn(A)pn(rB3).

Here is one example of how to use the above results.

Corollary 11. If for all n, p,(ANB) > pn(A)pun(B) for all A,B € C, for which A, B C
/nBY, then the inequality holds for all n and A, B € C,.

Proof. For A, B € C,,, we have

tn(ANB) >u(ANBN \/ﬁBg) > (AN \/EBE)Mn(B N \/EBIQI)
> pin(A)pin (B, (v B3),

by Corollary 10. From the Central Limit Theorem we deduce,

i (/B3) = (3 <) = o E2LE L < 0) 12

so the above Proposition applies with ¢, = p,(/nBj). =
Remark. In the above proof of Corollary 11, if ¢ < 1, one cannot substitute cy/nBj for

/nBj.
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