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Thorup Zwick Distance Oracles
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param k

outputs a data structure Oraile

for
query up cat get dist estimate un sit

data v Plan 2k n data r

query take OCK time

Oracle takes up
kn space

This lesson report also a path of length UN
find the hidden spanner

in the oracle

learn about the covers

Reminders
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finds some good w and i sit

1 Pi u W

ii VE BC
returns 8am daw d wir
the specifics of the query alg that chooses 4
ensures 21 1
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Choice of pivots

what happens if there are many vertices from A
that are tied for being closest to

In the lecture we just chose arbitrarily one of

them to be picul
Now we will choose them consistently along the levels

d A r d Anni pily paid
claim under this choice picy EBC for all of k l

Proof backwards induction Base pk.lv Ay E Blu
Step if ACA u dCA.mn picul p ily EBM

else dep.cl Y dCAilcdlAini
pic BCand p.lu EA A t



Clusters inverses of bunches

if WEA Am then G vet day adCA in

VET WEBCY

Lemma suppose ve C for WEA I Am

suppose is on shortest path between v W

then Cu

on shortest
C w triangle ineq

Proof puthbetwin

do dlx.rs div v cdfAinir Ed Ainixl dkv
subtract dlx.nl from both sides

dew x d Annex

Tree Cover

By the previous lemma for every w we can build

a tree T w on the vertices of w such that
W is the root

the tree path from theroot w to re w is
a shortest path in G between v.v

Im The collection Tfw wet
is a the cover

with the following propertis whp
Each v belongs to kn log n trees
For every unit there is some Tfw sit dig un 2k 1 day



Proof VETO ve Cw WEBCY

saw in lecture that uhp IBC O kn log n

hitting set argument

Let w and i be those found by query air
by the i w picul eBla UE Iw
claim on

choice ofpints ill we BC ve w

Thus dig un decalai daywir

by the lemma data w do w r

on TCW

by query
aly 2

F u v

by analysis
12k 1 delay

ofquery algfrom
lecture

Corollary w.Y.TW is a 2k t spanner of size 0km logn

Proof The spanner property is immediate from

The size follows from each edge in the union connects

some to its parent in some tree that contains v

and there are octin logn such trees



Reporting Paths

store the trees TCU 5 kn space
recall that each v stores distances to BC in hairtable
can augment it with parent pointers

given WEBCY can find the parent of v in T w

in constant time

path ur return a path p weight Mv

How let w be the vertex found by query14

we know that u ret w and fair dyfidtdy.fi
More on the tree towards the root w

in parallel from wand v

Stop when one walk reaches node w already
seen in the other walk

AXwt the lowest common ancestor
a
ii v

Output the edges of the walk from h to w

and then in reverse order the edges of the
walk from v to w



Routing on Trees

Think of graph here the T as a communication network

Preprocessing assign each node VENT It
routing table R v1
destination label v

Rontin phase given R a and C determine nbr of u

which is the next node on the treepath to v

if a recieves a msg
with header LC it can

use its own routing table Rlu to determine the
next hop

for the
msg to

reach

Interval Routing

Do DFS travesal on T each mode v is associated

with an interval I a fful eat between the
first and last time the travesal visited u

u ancestor of I a ICY
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RC store Icu and Iex of every child

LLY store ICY

Given Rlu LC
if there exist child of ns.t.IC EI a

then next hop is

otherwise next hop is parent of a

Label size O log n bits

Table size degli log n bits



Heavy Light Decomp

For non heat v its heavy child ha is the
child that has the most nodes in its subtree
break Hes arbitrarily

An edge is heavy if its connets between

parent and heavy child and otherwise it's light

Obs for each node v there are at
most tlog.nl light edge on thepath from
the root to

Why When
you start from the

root and go
down to every time you take a light

edge you cut the
nodes in your

subtree

by at least

Cool simple and useful



Heavy light Tree Routing

Rl store I hey
Only Ollogh dits

L v store ICY and all light edges on rootto r path

login bits

Given R a IC
if IC I hey next hop is h r

if there is a lightedge in Lly whose upper
node is 4 then next hop is the lower node of it
else next hop is the parent of U


