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Abstract. Given a continuous linear cocycle A over a homeomorphism f of a
compact metric space X, we investigate its set R of Lyapunov-Perron regular
points, that is, the collection of trajectories of f that obey the conclusions of
the Multiplicative Ergodic Theorem. We obtain results roughly saying that the
set R is of first Baire category (i.e., meager) in X, unless some rigid structure
is present. In some settings, this rigid structure forces the Lyapunov exponents
to be defined everywhere and to be independent of the point; that is what we
call complete regularity.

Contents

1. Introduction 2
2. Preliminaries 3
2.1. Linear cocycles over continuous transformations 3
2.2. Lyapunov exponents and regularity of cocycles 3
2.3. Cohomology 4
2.4. The exterior power of cocycles 5
2.5. Uniform splittings 5
2.6. Vector bundle setting 6
2.7. Subadditivity 7
3. Completely regular cocycles 7
3.1. Definition and basic properties 7
3.2. Examples 9
3.3. Hölder continuous cocycles over hyperbolic dynamics 11
3.4. Relation with Sacker–Sell theory 12
4. The Baire category of sets of regular points 13
4.1. Baire category 13
4.2. Dynamically defined meager sets 14
4.3. A criterion for generic irregularity 15
4.4. Applications of the criterion 17
4.5. All-or-meager results 19
4.6. Singular values of cocycles 20
4.7. Proof of Theorem 4.10 22
5. Further discussion of the notion of complete regularity 23
5.1. All points being regular does not imply complete regularity 23
5.2. Agreement of Lyapunov spectra does not imply complete regularity 27
References 29

Date: August 31, 2024.
2020 Mathematics Subject Classification. 37D25; 37D30.

1



2 JAIRO BOCHI, YAKOV PESIN, AND OMRI SARIG

1. Introduction

Linear cocycles consist of products of matrices driven by some dynamical sys-
tem. A precise description of the asymptotics of these products is available for
those orbits that are Lyapunov-Perron (or LP) regular. The multiplicative ergodic
theorem of Oseledets says that the set R of LP-regular points is always large in a
measure-theoretical sense: it has full measure with respect to any invariant prob-
ability measure. However, in many situations, the set R is of first Baire category
(i.e., meager) and so is small in a topological sense. Manifestations of this phenom-
enon in specific settings can be found in the works [55, 23, 56]. As for derivative
cocycles, [1, Theorem 3.14] asserts that R is a meager set for C1-generic diffeomor-
phisms.

Our objective is to investigate the Baire category of the set R of Lyapunov-
Perron regular points. More specifically, we aim to identify sufficient conditions
under which R is meager. We want these conditions to be as broadly applicable as
possible.

As a guiding principle, if the set R is non-meager, then some underlying rigid
structure should account for this fact. Here is a result that corroborates this princi-
ple (Corollary 4.5): If the dynamics has the property that stable (or unstable) sets
of periodic orbits are dense, then for every continuous cocycle, the set R of LP-
regular points is meager, unless all periodic orbits have exactly the same Lyapunov
spectrum. The hypothesis on the dynamics in Corollary 4.5 is quite general (al-
lowing for nonuniformly hyperbolic maps, for instance), and there are no regularity
assumptions on the cocycle other than continuity.

Under the strong assumption of minimality of the base dynamics, we obtain an
even sharper dichotomy (Theorem 4.10): for every continuous cocycle, the set R
of LP-regular points is either meager or it is the whole space. Furthermore, in the
latter case, the cocycle will have extra properties that we call complete regularity.

Given a continuous linear cocycle A over any topological dynamical system f ,
complete regularity is defined by two requirements. They are: (1) every trajectory
of f is LP-regular, (2) the Lyapunov spectrum of A is independent of the point
x. A restriction of a cocycle A to a periodic orbit of f is a simple example of a
completely regular cocycle.

If a cocycle is completely regular, then the Oseledets splitting is defined every-
where. We prove (Corollary 3.3) that the Oseledets splitting is uniformly dominated
and, in particular, continuous.

It becomes apparent that complete regularity is pertinent to our study of the
Baire category of the set R of LP-regular points. Our most general criterion for
meagerness of R (Theorem 4.3) is actually formulated in terms of complete regu-
larity. If the base dynamics f is hyperbolic and the cocycle A is Hölder continuous,
then we have a sharp dichotomy again (Theorem 4.8): either R is meager or the
cocycle is completely regular.

Complete regularity can be characterized in terms of the Sacker-Sell spectrum
of the cocycle: see [33] and the discussion in Section 3.4 below.

Thus, motivated to understand the notion of complete regularity, we investigated
whether the two requirements in the definition of complete regularity are indepen-
dent. The short answer is yes: Section 5 exhibits examples of cocycles where one of
the two conditions is satisfied but not the other. These examples are of independent
interest.
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2. Preliminaries

In this section, we recall some basic notions about linear cocycles and Lyapunov
exponents. Despite the fact that much of the material of this section makes sense
in a measurable setting, we will assume continuity and compactness throughout.

2.1. Linear cocycles over continuous transformations. Let X be a topolog-
ical space and f : X Ñ X a homeomorphism. A function A “ Apx, nq, x P X and
n P Z with values in GLpd,Rq is called a continuous linear cocycle if the following
properties hold:

(1) for each x P X, we have Apx, 0q “ Id, and given n, k P Z,
Apx, n` kq “ Apfkpxq, nqApx, kq;

(2) for every n P Z, the function Ap¨, nq : X Ñ GLpd,Rq is continuous.
Given a continuous function A : X Ñ GLpd,Rq, we define a cocycle by

Apx, nq :“

$

’

&

’

%

Apfn´1pxqq ¨ ¨ ¨ApfpxqqApxq if n ą 0

Id if n “ 0,

Apfnpxqq
´1

¨ ¨ ¨Apf´2pxqq
´1
Apf´1pxqq

´1 if n ă 0.

We call the map Apxq the generator of the cocycle Apx, nq and we say that the
cocycle is generated by the function Apxq. Every cocycle Apx, nq is generated by
the function Apxq :“ Apx, 1q.

2.2. Lyapunov exponents and regularity of cocycles. Given a continuous
cocycle A over the homeomorphism f , we say that a point x P X is regular if there
exist a list of numbers
(2.1) χ1pxq ą χ2pxq ą ¨ ¨ ¨ ą χspxqpxq

and a splitting

(2.2) Rd “

spxq
à

i“1

Eipxq

such that the following conditions are satisfied:
‚ for every i with 1 ď i ď spxq and every nonzero vector v in the subspace
Eipxq, the limit

lim
nÑ˘8

1

n
log }Apx, nqv}

exists and is equal to χipxq;
‚ for every partition of the set t1, . . . , spxqu into two nonempty (disjoint)

subsets I, J , we have

lim
nÑ˘8

1

|n|
log>

˜

Apx, nq

˜

à

iPI

Eipxq

¸

,Apx, nq

˜

à

jPJ

Ejpxq

¸¸

“ 0 ,

where the angle >pE,F q between two subspaces is defined as the least
nonnegative angle between two vectors in the corresponding spaces.
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If x is a regular point, it can be shown that the Lyapunov exponents (2.1) and the
Oseledets splitting (2.2) are uniquely defined. Let R denote the set of regular points.
It can be shown that R is a Borel set and that the number spxq, the Lyapunov
exponents χipxq, and Oseledets spaces Eipxq all depend Borel measurably on x,
and that they satisfy the invariance relations:

spfnpxqq “ spxq , χipf
npxqq “ χipxq , Eipf

npxqq “ Apx, nqEipxq .

According to the Multiplicative Ergodic Theorem of Oseledets, µpRq “ 1 for every
f -invariant Borel probability measure µ on X. If µ is ergodic, then the Lyapunov
exponent χipxq is the same for µ-almost every x, and this common value is denoted
χipµq.

The notion of regularity as defined above is equivalent to Lyapunov-Perron reg-
ularity (or LP regularity). There are also the notions of forward regularity and
backwards regularity. We refer the reader to [7] for these definitions. We note
that every Lyapunov-Perron regular point is both forward regular and backwards
regular, but not conversely.

Here are some other properties that we will need: if x is forward regular, then

lim
nÑ`8

1

n
log }Apx, nq} “ χ1pxq , and(2.3)

lim
nÑ`8

1

n
logmpApx, nqq “ χspxqpxq ,(2.4)

where
mpLq :“ }L´1}´1

is the co-norm of the linear map L. Furthermore, if x P R,

lim
nÑ˘8

1

n
log }Apx, nq|Eipxq} “ χipxq , and(2.5)

lim
nÑ˘8

1

n
logmpApx, nq|Eipxqq “ χipxq .(2.6)

Given a regular point x P R, the dimension dipxq of the subbundle Eipxq is called
the multiplicity of the Lyapunov exponent χipxq. The collection

Sppxq :“
 

pχipxq, dipxqq : 1 ď i ď spxq
(

is called the Lyapunov spectrum of the cocycle A at x. Sometimes we will also use
the list of values of the Lyapunov exponent

rχ1pxq ě ¨ ¨ ¨ ě rχdpxq

in which distinct values χipxq are repeated according to their multiplicities dipxq,
1 ď i ď spxq. When we want to stress the dependence on the cocycle, we use more
explicit notations such as SppA, xq, χipA, xq, etc.

2.3. Cohomology. Let A and B be two cocycles over the same homeomorphism
f , and of the same dimension. We say that they are continuously cohomologous
if there exists a continuous conjugacy between them, that is, a continuous map
C : X Ñ GLpd,Rq such that

Apx, nq “ Cpfnxq´1Bpx, nqCpxq .

Since C is continuous, it is tempered, and hence continuously cohomologous cocycles
have the same set of Lyapunov–Perron regular points, and the same Lyapunov
spectra.
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2.4. The exterior power of cocycles. Consider the vector space of all alternat-
ing i-forms on Rd, that is, the space of all multilinear maps from Rd ˆ ¨ ¨ ¨ ˆ Rd
(with i copies) to R which are alternating. The dual of this vector space is denoted
pRdq^i. There exists a canonical alternating multilinear map

pv1, . . . , viq P Rd ˆ ¨ ¨ ¨ ˆ Rd ÞÑ v1 ^ ¨ ¨ ¨ ^ vi P pRdq^i ,

called the exterior product. Given a linear operator L of Rd, we define the i-fold
exterior power L^i as the unique linear operator of pRdq^i such that

L^ipv1 ^ ¨ ¨ ¨ ^ viq “ pLv1 ^ ¨ ¨ ¨ ^ Lviq .

Let A be a cocycle over a homeomorphism f of a topological space X. For each
i “ 1, . . . , n consider the cocycle A^i : XˆZ Ñ GLpn,Rq^i defined by A^ipx, nq “

Apx, nq^i. We call A^i the i-fold exterior power cocycle of A.
One can show (see [5, p. 211], [7, Section 3.1], or [47]) that
(1) if x P X is a LP-regular point for the cocycle A, then it is also a LP-regular

point for the exterior power cocycle A^i;
(2) the list of values of the Lyapunov exponents of the cocycle A^i is

(2.7) trχkpA^i, xqu “
 

rχj1pA, xq ` ¨ ¨ ¨ ` rχjipA, xq : j1 ą ¨ ¨ ¨ ą ji
(

;

in particular,

(2.8) rχ1pA^i, xq “ rχ1pA, xq ` ¨ ¨ ¨ ` rχipA, xq .

2.5. Uniform splittings. Let f be a homeomorphism of a compact metric space
X. Let A be a continuous linear cocycle over f . Suppose that for each x P X, we
are given a splitting

(2.9) Rd “

s
à

i“1

Eipxq

where each dimEipxq is independent of the point. Furthermore, assume that this
splitting is A-invariant in the sense that Apx, nqEipxq “ Eipf

npxqq. We say that
splitting is dominated if there exists n0 ą 0 such that for every point x P X and
each i with 0 ă i ă s, we have:

(2.10) m
`

Apx, n0q|Eipxq
˘

ą 2
›

›Apx, n0q|Ei`1pxq
›

› .

Equivalently, for all choices of unit vectors vi P Eipxq, we have:

}Apx, n0qvi} ą 2}Apx, n0qvi`1} .

We say that the subbundle Ei dominates the subbundle Ei`1.
Let us emphasize that domination is a uniform property: the amount of time

n0 needed for the validity of the inequalities above is the same for every point x.
In fact, this assumption is strong enough to force continuity (see [12, Section B.1]
or [18, Section 2.1]):

Proposition 2.1. If (2.9) is a dominated splitting, then each subbundle Eipxq

depends continuously on x P X.
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In particular, the angle between different subbundles of a dominated splitting is
bounded below. Actually, for every partition of the set t1, . . . , su into two nonempty
(disjoint) subsets I, J , we have

inf
xPX

>

˜

à

iPI

Eipxq,
à

jPJ

Ejpxq

¸

ą 0 .

Let us introduce two other uniform notions related to domination. Again, let
A be a continuous linear cocycle over f , and suppose we are given an A-invariant
splitting (2.9) into subspaces of constant dimensions. We say that the splitting is
absolutely dominated if there exists n0 ą 0 such that for all pairs of points x, y P X
and each i with 0 ă i ă s,

m
`

Apx, n0q|Eipxq
˘

ą 2
›

›Apy, n0q|Ei`1pyq
›

› .

In particular, the splitting is dominated.
Finally, an A-invariant splitting Rd “ Eupxq ‘ Espxq into two subbundles is

called uniformly hyperbolic if if there exists n0 ą 0 such that for all point x P X,

m
`

Apx, n0q|Eupxq
˘

ą 2 ą
1

2
ą

›

›Apx, n0q|Espxq
›

› .

Note that a uniformly hyperbolic splitting is always absolutely dominated.
The following characterization of uniform hyperbolicity was obtained by Sacker

and Sell [50], Selgrade [53, Theorem 10.2], and Mañé [37]:

Proposition 2.2. Let f be a homeomorphism of a compact metric space X. Let
A be a continuous linear cocycle over f . Then A admits a uniformly hyperbolic
splitting if and only if for every point x P X and every nonzero vector v P Rd, we
have

sup
nPZ

}Apx, nqv} “ 8 .

For more information (including infinite-dimensional versions of the concepts
discussed here), see [17,8] and references therein.

2.6. Vector bundle setting. If A is a d-dimensional linear cocycle over f : X Ñ X
with generator A, we can consider the following transformation TA of the product
X ˆ Rd:

TApx, vq “ pfpxq, Apxqvq .

This is a skew-product over f which is linear on fibers. The tranformation TA
completely determines the cocycle.

This motivates considering the more general situation where the product space
X ˆ Rd is replaced with a vector bundle over X of fiber dimension d, and the
skew-product TA is replaced with a continuous vector bundle automorphism F
that factors over f . The concepts discussed above can be extended to this setting
in a straightforward manner.

The fiber bundle setting allows us, for example, to discuss derivative cocycles:
in this case, f is a C1 diffeomorphism and we consider the induced automorphism
F “ Df on the tangent bundle.

For simplicity of presentation, in this paper we focus on linear cocycles (on trivial
vector bundles X ˆ Rd), but actually the statements remain correct for general
vector bundles, unless noted otherwise.
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2.7. Subadditivity. Recall that a sequence of functions ϕn : X Ñ R is called
subadditive with respect to some dynamics f : X Ñ X if, for all n,m ě 1,

ϕn`m ď ϕn ˝ fm ` ϕm .

A standard example is the sequence ϕnpxq “ log }Apx, nq}, where A is cocycle
over f .
Proposition 2.3 (Semi-uniform subadditive ergodic theorem [52, Theorem 1], [54,
Theorem 1.7]). Let f be a continuous transformation of a compact metric space X.
Consider a subadditive sequence of continuous functions ϕn : X Ñ R. Then:

(2.11) lim
nÑ8

sup
X

ϕn
n

“ sup
µPMf

lim
nÑ8

ż

X

ϕn
n
dµ ,

where Mf denotes the set of f -invariant Borel probability measures. Furthermore,
the supremum in the right hand side is attained at some ergodic measure.

We note that variations of this result have been found by several authors (see
e.g. [25, § 3]). The most complete version is [41, Theorem A.3], which shows that
upper-semicontinuity is sufficient, and provides several useful characterizations of
the quantity (2.11).
Corollary 2.4. Let f be a continuous transformation of a compact metric space
X. If ϕ is a continuous function such that

ş

ϕdµ “ c for every µ P Mf , where c is
a constant, then the Birkhoff averages of ϕ with respect to f converge uniformly to
c.

Corollary 2.4 follows directly from Proposition 2.3, or from the usual proof that
unique ergodicity implies uniform convergence in the ergodic theorem.

3. Completely regular cocycles

3.1. Definition and basic properties. Let X be a compact metric space and
f : X Ñ X a homeomorphism. Let A : X ˆ Z Ñ GLpd,Rq be a continuous
cocycle over f . We say that A is completely regular if it satisfies the following two
conditions:

(1) every point x P X is LP-regular;
(2) the Lyapunov exponents are independent of the point x P X, i.e., there are

numbers χ1 ą ¨ ¨ ¨ ą χs and d1, . . . , ds such that di ą 0 and
řs
i“1 di “ d

and SppA, xq “ tpχi, diq, i “ 1, . . . , su for every x P X.
Therefore, if a cocycle is completely regular, then at every x we have an Oseledets

splitting

(3.1) Rd “

s
à

i“1

Eipxq

where the number of subbundles and their dimensions are independent of the point.
In general, the Oseledets splitting is only measurable and there is no a priori in-
formation on the speed of convergence in (2.5) and (2.6). However, under the
assumption of complete regularity, we obtain better properties, as the following
result shows.
Theorem 3.1. Let A be a completely regular cocycle over a homeomorphism of a
compact metric space X. Let (3.1) be its Oseledets splitting. Then for each i with
1 ď i ď s the following statements hold:



8 JAIRO BOCHI, YAKOV PESIN, AND OMRI SARIG

(1) the subspace Eipxq depends continuously on x;
(2) the limits in (2.5) and (2.6) are both uniform with respect to x; more

precisely, for all ε ą 0 we can find N such that

(3.2)
χi ´ ε ď

1

n
logmpApx, nq|Eipxqq

ď
1

n
log }Apx, nq|Eipxq} ď χi ` ε .

for every |n| ą N and x P X.
Before proving the statement above in full generality, we establish first the case

s “ 1, where actually a weaker hypothesis suffices:
Proposition 3.2. Let A be a continuous linear cocycle over a homeomorphism of
a compact metric space X. Suppose that there exists a number χ P R such that for
every f -invariant Borel probability measure µ on X, for µ-almost every x P X, all
Lyapunov exponents at x are equal to χ. Then, for all x P X,

lim
nÑ˘8

1

n
logmpApx, nqq “ lim

nÑ˘8

1

n
log }Apx, nq}

and these limits are uniform with respect to x.
Proof. It is sufficient to consider positive times n, since negative times can be dealt
with using the inverse cocycle. Consider the subadditive sequence of continuous
functions ϕnpxq “ log }Apx, nq}. By assumption, the sequence ϕnpxq

n converges
pointwise to the constant χ. It follows from Proposition 2.3 that

lim
nÑ8

sup
xPX

ϕnpxq

n
“ χ.

Similarly, the sequence ψnpxq “ logmpApx, nqq is superadditive and ψnpxq

n converges
pointwise to the constant χ, implying that

lim
nÑ8

inf
xPX

ψnpxq

n
“ χ.

Since ψn ď ϕn, we conclude that both limits ϕn

n Ñ χ and ψn

n Ñ χ are uniform. �

Proof of Theorem 3.1. Let A be a completely regular cocycle, with Oseledets split-
ting Rd “

Às
i“1Eipxq. Let χ1 ą ¨ ¨ ¨ ą χs be the Lyapunov expoents, which are

independent of x P X. The case s “ 1 is covered by Proposition 3.2, so assume
that s ě 2.

Let us prove Statement (1), i.e., continuity of the subbundles Eipxq. Fix numbers
c1, . . . , cs´1 such that χi ą ci ą χi`1. For each i P t1, . . . , s ´ 1u, consider the
cocycle rAi “ e´ciA. This cocycle admits an invariant measurable splitting Eu

i pxq‘

Es
i pxq, where

Eu
i pxq “ E1pxq ‘ ¨ ¨ ¨ ‘ Eipxq, Es

i pxq “ Ei`1pxq ‘ ¨ ¨ ¨ ‘ Espxq .

Note that all Lyapunov exponents of the cocycle rAi along Eu
i pxq (respectively,

Es
i pxq) are positive (respectively, negative), and in particular, this cocycle is nonuni-

formly hyperbolic at every point x P X. We claim that this cocycle is actually
uniformly hyperbolic. Indeed, if this were not the case, by Proposition 2.2), there
would exist a point x0 P X and a nonzero vector v0 P Rd such that

sup
nPZ

›

› rAipx0, nqv0
›

› ă 8,
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i.e., v0 has a bounded orbit. Boundedness for the future forces v0 to belong to
Es
i px0q but boundedness for the past forces v0 to belong to Eu

i px0q. But the two
bundles are transverse, and this contradiction proves uniform hyperbolicity.

As a consequence of uniform hyperbolicity, the bundles Eu
i and Es

i are continu-
ous. In particular, E1 “ Eu

1 and Es “ Es
s are continuous. Furthermore, for each

i, the bundle Ei is the transverse intersection of Eu
i and Es

i´1, and therefore, it is
continuous as well. This completes the proof of Statement (1).

Now we apply Proposition 3.2 (or actually its extension to the vector bundle
setting) to the restrictions Apx, nq|Eipxq. We then obtain the desired uniformity
property, Statement (2). �

As an important consequence of Theorem 3.1, we obtain the property of absolute
domination (defined in Section 2.5 above):

Corollary 3.3. Given a completely regular cocycle, its Oseledets splitting (3.1) is
either trivial (i.e., s “ 1) or absolutely dominated.

Proof. Let A be a completely regular cocycle with spectrum pχi, diqi“1,...,s. Assume
that s ą 1. Fix a positive number ε small enough so that χi ´ ε ą χi`1 ` ε for
each i with 0 ă i ă s. Let N be as in Statement (2) in Theorem 3.1. Then, for all
n ą N , all x, y P X, and all i with 0 ă i ă s, we have

m
`

Apx, nq|Eipxq
˘

ě epχi´εqn ą epχi`1`εqn ě
›

›Apy, nq|Ei`1pyq
›

› .

This proves absolute domination. �

It is clear that complete regularity is invariant under continuous cohomology.
Here is another basic property:

Proposition 3.4. The exterior power of a completely regular cocycle is completely
regular.

Proof. This follows immediately from the discussion in Subsection 2.4. �

3.2. Examples. We present some examples of completely regular cocycles.

Example 3.5. A one-dimensional continuous linear cocycle with generator A
(which in this case takes values in Rzt0u) is completely regular if and only if the
forward and backward limits of Birkhoff averages of the function ϕpxq :“ log |Apxq|

exist everywhere and are equal to some constant c. Equivalently (see Corollary 2.4),
ş

ϕdµ “ c for every f -invariant Borel probability measure µ. Another equivalent
condition is that ϕ ´ c is a uniform limit of continuous coboundaries (see [42]
or [13, Lemma 3]).

Example 3.6. If the space X is finite and f : X Ñ X is a cyclic permutation, that
is, if the dynamics consists of a single periodic trajectory, then any cocycle over f
is completely regular.

Example 3.7. Now assume that f is a uniquely ergodic homeomorphism, and
that the cocycle A takes values in SL˘

p2,Rq (the subgroup of GLp2,Rq formed by
matrices with determinant ˘1). Let µ be the unique invariant probability measure
for f , which is necessarily ergodic, and let χ1 “ χ1pµq and χ2 “ χ2pµq. By the
hypothesis on the determinant, χ1 ě 0 ě χ2 “ ´χ1.

There are three mutually exclusive cases:
(1) χ1 “ 0 “ χ2.
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(2) χ1 ą 0 ą χ2 and the cocycle is uniformly hyperbolic.
(3) χ1 ą 0 ą χ2 and the cocycle is not uniformly hyperbolic.

Proposition 3.8. Consider a continuous SL˘
p2,Rq-cocycle over a uniquely ergodic

homeomorphism. Then, the cocycle is completely regular in cases (1) and (2) above,
and it is not completely regular in case (3).

Proof. Note that mpApx, nqq “ }Apx, nq}, since determinants are ˘1. Consider
case (1). By Proposition 3.2, 1

n log }Apx, nq} converges uniformly to zero. It follows
that every x P X is LP-regular with zero Lyapunov exponents. In particular, the
cocycle is completely regular.

Next, consider the uniformly hyperbolic case (2). The hyperbolic bundles are
continuous, invariant, and one-dimensional. Unique ergodicity of the base dynamics
then implies that the cocycle is completely regular.

Finally, consider the nonuniformly hyperbolic case (3). If the cocycle were com-
pletely regular, then, by Corollary 3.3, it would admit a dominated splitting into
one-dimensional bundles. Since |detApxq| ” 1, that splitting would actually be
uniformly hyperbolic, contrary to our assumption. This shows that case (3) forbids
complete regularity. �

If f is an irrational rotation of the circle, simple examples of cocycles in situation
(3) were obtained by Herman [28]. The existence of cocycles of type (3) for any
uniquely ergodic dynamics with a non-atomic invariant measure was established
only recently by Avila and Damanik [6], answering a question of Walters [58].

We point out that Proposition 3.8 is essentially contained in [25]. For related
results, see [19].

Remark 3.9. Given a cocycle A over a homeomorphism f , and an f -invariant and
ergodic Borel probability measure µ, we define the Lyapunov spectrum SppA, µq as
equal to SppA, xq for µ-almost every x P X. Proposition 3.2 shows that if SppA, µq

is the same for all ergodic measures µ and consists of a single Lyapunov exponent,
then the cocycle A is completely regular. On the other hand, the condition in italics
cannot be dropped: consider for instance any cocycle of type (3) in Proposition 3.8.

Example 3.10. Let f be a homeomorphism of a compact metric space X, c1 ą

¨ ¨ ¨ ą cs a list of distinct real numbers, and d1, . . . , ds positive integers such that
d “ d1 ` ¨ ¨ ¨ ` ds. Suppose that B : X Ñ GLpd,Rq is a continuous block-diagonal
matrix function

(3.3) Bpxq “

¨

˚

˝

B1pxq 0
. . .

0 Bspxq

˛

‹

‚

,

where each diagonal block Bipxq has dimension di ˆ di and has block-triangular
form

(3.4) Bipxq “ eci

¨

˚

˚

˚

˚

˝

Ui,1pxq ˚ ˚

Ui,2pxq
. . .
. . . ˚

0 Ui,`ipxq

˛

‹

‹

‹

‹

‚

,

where each matrix Ui,jpxq is orthogonal.
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Consider the cocycle Bpx, nq with generator Bpxq. Then, this cocycle is com-
pletely regular, with Lyapunov exponents c1, . . . , cs, and respective multiplicities
d1, . . . , ds.
Example 3.11. We extend the previous example. Let f be a homeomorphism of
a compact metric space X, let E be a continuous vector bundle over X whose fibers
Epxq have dimension d, and let F : E Ñ E be an automorphism that factors over f .
We say that F admits a continuous amenable reduction1 if there exist

‚ real numbers c1 ą ¨ ¨ ¨ ą cs;
‚ positive integers d1, . . . , ds such that d “ d1 ` ¨ ¨ ¨ ` ds;
‚ a continuous family on inner products on the fibers Epxq (called a “metric”);
‚ a continuous F -invariant splitting

E1pxq ‘ ¨ ¨ ¨ ‘ Espxq “ Epxq

where each subbundle Ei has dimension di;
‚ for each i P t1, . . . , su, a continuous F -invariant field of flags

t0u “ Ei,0pxq Ă Ei,1pxq Ă ¨ ¨ ¨ Ă Ei,`ipxq “ Eipxq

such that, for each i P t1, . . . , su and j P t1, . . . , `iu, the action induced by F on the
quotient bundle Ei,j{Ei,j´1 expands the (induced) metric by a constant factor eci .

In this case, the vector bundle automorphism F is completely regular, with
Lyapunov exponents c1, . . . , cs, and respective multiplicities d1, . . . , ds.

Existence of a continuous amenable reduction is invariant with respect to con-
tinuous cohomology. The cocycle B in Example 3.10 admits a continuous amenable
reduction where the spaces Ei,j are independent of x. In particular, if a cocycle
A is continuously cohomologous to a cocycle B as in Example 3.10, then A ad-
mits a continuous amenable reduction. The converse is not true, since there is no
guarantee that the subbundles Ei,j are trivializable.
Example 3.12. Consider any surface diffeomorphism of class C1 admitting a ho-
moclinic tangency, that is, a hyperbolic fixed point p whose stable and unstable
manifolds are tangent at a point q. Let X be the the closure of the orbit of q
and consider the derivative cocycle Df restricted to X. This cocycle has a unique
LP-regular point, namely p.

This example has the property that all points in X are both forward and back-
wards regular and the Lyapunov exponents for future and past agree, but never-
theless the cocycle is not completely regular.
3.3. Hölder continuous cocycles over hyperbolic dynamics. We will discuss
a setting where it is possible to obtain a concrete description of all completely
regular cocycles. The result is stated in terms of vector bundle automorphisms (see
Section 2.6) and continuous amenable reduction (see Example 3.11). Actually, we
will work with Hölder continuous vector bundles and their automorphisms (see [35,
§ 2.2], [10, § 2.2–2.3]).
Theorem 3.13. Assume that X is a compact smooth manifold and f : X Ñ X
is a transitive C1`δ Anosov diffeomorphism. Let E be a Hölder vector bundle over
X and let A : E Ñ E be a Hölder automorphism that factors over f . Then the
following conditions are equivalent:

1The terminology comes from [35], but the two definitions are not exactly the same as we
assume extra properties.



12 JAIRO BOCHI, YAKOV PESIN, AND OMRI SARIG

(1) F is completely regular;
(2) F admits a continuous amenable reduction;
(3) SppF, pq “ SppF, qq for all pairs of periodic points p, q.

Furthermore, if any of these conditions hold, then the subbundles and the metric
composing the amenable reduction of F can be taken Hölder continuous, with the
same Hölder exponent as the initial data.

Proof. The implications (2) ñ (1) ñ (3) are automatic (and independent of f being
Anosov or F being Hölder). We are left to prove that (3) ñ (2).

So assume (3), that is, all periodic points have a common Lyapunov spectrum
pχi, diq

s
i“1. As shown by Guysinsky [27] and DeWitt–Gogolev [21, Theorems 1.2 and

3.10], the cocycle admits a dominated splitting E1‘¨ ¨ ¨‘Es where dim Ei “ di. In our
setting, the subbundles Ei of a dominated splitting are Hölder continuous (see [14]).
Consider the restriction of the automorphism F to one of these subbundles Ei. By a
result of Kalinin and Sadovskaya [35, Theorem 3.9], there exists a Hölder continuous
metric (i.e. family of inner products) on Eipxq and an invariant Hölder continuous
field of flags

t0u “ Ei,0pxq Ă Ei,1pxq Ă ¨ ¨ ¨ Ă Ei,`ipxq “ Eipxq

such that the action induced by F on the quotient bundle Ei,j{Ei,j´1 expands the
(induced) metric by a constant factor eϕipxq, where ϕi is a Hölder function on X.
In our situation, ϕi has the same integral with respect to all invariant probability
measures supported on periodic orbits, namely χi. Therefore we can apply Livsic
theorem and write ϕi “ χi `ψi ˝ f ´ψi, where ψi is a Hölder continuous function.
We rescale the Riemannian metric inside Eipxq by multiplying it by e´ψipxq, so
that the new expansion factor is the constant eχi . Then we combine these metrics
by declaring the subbundles Eipxq to be orthogonal. This shows that F admits a
Hölder continuous ameanable reduction. �

Let us note that in dimension d “ 1, Theorem 3.13 is equivalent to Livsic the-
orem for the group pR,`q. Since Livsic theorem does not hold for functions that
are merely continuous instead of Hölder (see [13, p. 215] or [36]), the regularity
hypothesis on the automorphism is necessary for the validity of our statement.

On the other hand, we believe that Theorem 3.13 holds for (transitive) Anosov
diffeomorphisms of class C1 (instead of C1`δ), or even for (transitive) hyperbolic
homeomorphisms (see e.g. [49, Chapter 7], [4, Part II], [2, Chapter 11]).

We mention here the work [16] concerning the uniformity of the first Lyapunov
exponent in a related setting.

3.4. Relation with Sacker–Sell theory. Let f be a homeomorphism of a com-
pact metric space X. We assume that f is invariantly connected, i.e., the only
invariant clopen sets are H and X. This condition is satisfied if f is transitive or
X is connected.

Let A be a continuous linear d-dimensional cocycle over f . For each real number
λ, we define a cocycle

Aλpx, nq :“ e´λnApx, nq .

The Sacker–Sell spectrum of A is the set

SSpAq :“ tλ P R : Aλ is not uniformly hyperbolicu.
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(Here hyperbolic subbundles are allowed to be t0u.) According to [51, Theorem 2]
(see also [33, Theorem 2.4]), the Sacker–Sell spectrum is a compact subset of R
with at most d connected components, that is,

(3.5) SSpAq “ rα1, β1s Y ¨ ¨ ¨ Y rαs, βss , ps ď dq.

Furthermore, there exists an absolutely dominated splitting (see Section 2.5 above)
into s bundles,

(3.6) Rd “ E1pxq ‘ ¨ ¨ ¨ ‘ Espxq

As a consequence of domination (recall Proposition 2.1), the subbundles vary con-
tinuously with x. As shown by Johnson, Palmer, and Sell [32, Theorem 2.3] the
boundary points αi, βi of the connected components of the Sacker-Sell spectrum
can be characterized in terms the Lyapunov exponents as follows. If we reindex the
intervals in (3.5) so that β1 ě α1 ą ¨ ¨ ¨ ą βs ě αs, then, for every i we have

βi “ sup
µ

rχ1pA|Ei, µq ,(3.7)

αi “ inf
µ

rχdipA|Ei, µq ,(3.8)

where µ runs on the set of ergodic measures; furthermore, each sup and each inf
are attained. Using Proposition 2.3, we can characterize these numbers as:

βi “ lim
nÑ8

sup
xPX

1

n
log }Apx, nq|Ei} ,

αi “ lim
nÑ8

inf
xPX

1

n
logmpApx, nq|Eiq .

Note that the Sacker–Sell splitting (3.6) is actually the finest absolutely domi-
nated splitting for the cocycle A, that is, the absolutely dominated splitting into
the maximal number of subbundles.

The Sacker–Sell spectrum is a discrete set if and only if αi “ βi for each i “

1, . . . , s. Cocycles with discrete Sacker–Sell spectrum were studied by Johnson and
Zampogni [33]. It turns out that this property coincides with complete regularity:

Theorem 3.14. A continuous cocycle A over an invariantly connected homeomor-
phism f has discrete Sacker–Sell spectrum if and only if it is completely regular.

Proof. The fact that discrete Sacker–Sell spectrum implies complete regularity is
the content of [33, Proposition 3.1]; it also follows directly from the fundamental
facts listed above. For the converse implication, if A is completely regular with
exponents χ1 ą ¨ ¨ ¨ ą χs, then by Corollary 3.3, its Oseledets splitting is the finest
absolutely dominated splitting, and by relations (3.7), (3.8) we have βi “ χi “ αi
for each i, showing that A has discrete Sacker–Sell spectrum. �

There is another classical object associated to a linear cocycle called the Mather
spectrum (see [38], [45, § 3.1]), which is directly related to the Sacker-Sell spectrum
(see [17, Corollary 6.45]).

4. The Baire category of sets of regular points

4.1. Baire category. Recall that a subset A in a topological space X is called
nowhere dense if its closure Ā has empty interior. A subset A Ă X is said to be of
the 1st Baire category if it can be represented as a union of a countable collection of
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nowhere dense sets, and of 2nd Baire category otherwise. Sets of 1st Baire category
are also called meager. Note that any subset of a meager set is a meager set.

A subset A Ă X is called residual if its complement is meager. If X is a complete
metric space, then residual sets are of 2nd Baire category. In particular, X and every
other dense Gδ set are of the second category.

Like the collection of sets of probability zero, the collection of meager sets con-
tains the empty set, is closed under countable unions, is hereditary, and is proper.
Therefore, one can think of meager sets as being “small.” See [44] for a full discus-
sion.

4.2. Dynamically defined meager sets. We now describe a general mechanism
for the occurrence of meager sets. Let X be a complete metric space and pϕnqną0 a
sequence of real-valued continuous functions on X. Given numbers α, β P R, define
the following sets

Iα :“
 

x P X : lim inf ϕnpxq ă α
(

,

Sβ :“
 

x P X : lim supϕnpxq ą β
(

.

Theorem 4.1. Assume that there are real numbers α ă β such that both set Iα and
Sβ are dense in X. Then the set of points x P X for which limnÑ8 ϕnpxq exists is
meager.

Proof. Fix numbers α ă α1 ă α2 ă β2 ă β1 ă β. Letting

rIα1 :“
8
č

m“1

8
ď

n“m

tx P X : ϕnpxq ă α1u ,

we have Iα Ă rIα1 Ă Iα2 . The set Iα is dense, by assumption, and the set rIα1

is a Gδ. Therefore the set Iα2 contains a dense Gδ, so it is residual. Similarly,
Sβ2 is residual. Thus, the set Iα2 X Sβ2 is residual, and for any point in this set,
limnÑ8 ϕnpxq does not exist. �

Without trying to be comprehensive, let us illustrate how Theorem 4.1 can be
applied to a simple dynamical setting. Suppose that f : X Ñ X is a continuous
transformation of a compact metric space. Given a (say) continuous function ϕ :
X Ñ R, consider the sequence of Birkhoff averages

ϕnpxq :“
1

n

n´1
ÿ

k“0

ϕpfkpxqq

and let Rϕ be the set of points x P X for which limnÑ8 ϕnpxq exists. By Birkhoff
ergodic theorem, we know that this set has full measure with respect to any invariant
probability measure and hence, is “large” from the measure-theoretical point of
view. But what can we say about the Baire category of this set?

Following [3], a (perhaps noninvertible) continuous transformation f of a com-
pact metric space X is called strongly transitive if the backward orbit

Ť

ně0 f
´npxq

of every point x P X is dense in X. Examples include any minimal homeomor-
phism, any transitive one-sided subshift of finite type, and the restriction of any
rational map of C̄ to its Julia set (see [40, Corollary 4.13]).

Theorem 4.2. Let f : X Ñ X be a strongly transitive map, and let ϕ : X Ñ R be a
continuous function. Then the set Rϕ of points of convergence of Birkhoff averages



REGULARITY OF COCYCLES AND BAIRE CATEGORY 15

is either a meager set or the whole space X. In the latter case, the Birkhoff averages
of ϕ with respect to f converge uniformly to a constant.

Proof. Suppose that the Birkhoff averages do not converge uniformly to a constant.
By Corollary 2.4, there exist two ergodic Borel probability measures µ1 and µ2

such that
ş

ϕdµ1 ‰
ş

ϕdµ2. For i “ 1, 2, let Bi be the set of points x such that
ϕnpxq Ñ

ş

ϕdµ1. These sets are nonempty and invariant. In particular, they
contain full backward orbits. It follows from strong transitivity that both sets B1

and B2 are dense in X. It follows from Theorem 4.1 that the set of convergence
Rϕ is meager. �

The literature contains many related results; we mention [31, Theorem 4.3.(2)],
[2, Theorem 11, p. 166], and [15]. The general message is that the set of points
for which Birkhoff ergodic theorem holds, while large from a measure-theoretic
viewpoint, is often meager.

As it is reasonable to expect, similar phenomena for the multiplicative ergodic
theorem of Oseledets occur in a variety of contexts: we mention [1, Theorem 3.14],
[55], [39], and [56]. We now turn to our investigation of this matter, where the
previously discussed concept of complete regularity will naturally enter into the
picture.

4.3. A criterion for generic irregularity. We now come back to the setting of
continuous linear cocycles. We will formulate a sufficient condition for the set of LP-
regular points to be meager. Our condition uses the notion of complete regularity
studied above.

Given a homeomorphism f of a compact metric space X and a nonempty subset
Y Ă X, we define the stable set of Y as

W spY q “
 

x P X : dpfnpxq, Y q Ñ 0 as n Ñ `8
(

.

Now we can state the following result:

Theorem 4.3. Let f be a homeomorphism of a compact metric space X and let
A be a continuous linear cocycle over f . Assume that there exist two f -invariant
disjoint compact subsets X1, X2 Ă X such that

(1) the stable sets W spX1q and W spX2q are both dense in X;
(2) the restrictions of the cocycle A to X1 and X2, denoted A|X1 and A|X2,

are both completely regular;
(3) the cocycles A|X1 and A|X2 have different Lyapunov spectra, that is,

SppA|X1q ‰ SppA|X2q.
Then the set FR of points which are forward regular for the cocycle A is meager
and, in particular, so is the set R of LP-regular points.

The proof of this theorem will use Theorem 4.1 above and also the following
lemma:

Lemma 4.4. Let Y Ă X be a compact f -invariant subset such that the restriction
of the cocycle A to Y is completely regular with Lyapunov exponents χ1 ą ¨ ¨ ¨ ą χs.
Then, for every x P W spY q,

(4.1) lim
nÑ8

1

n
log }Apx, nq} “ χ1 .
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Proof. It follows from the definition of complete regularity and property (2.3) that
the desired conclusion (4.1) holds for every point in Y . Actually, it follows from
Theorem 3.1 that the limit in (4.1) is uniform over Y . In particular, given ε ą 0,
we can find N ą 0 such that, for all y P Y ,

1

N
log }Apy,Nq} ă χ1 ` ε .

By continuity, if dpx, Y q is sufficiently small, then
1

N
log }Apx,Nq} ă χ1 ` 2ε .

Then, as a straightforward consequence of submultiplicativity of norms, we have

lim sup
nÑ8

1

n
log }Apx, nq} ď χ1 ` 2ε

for all x P W spY q. Since ε ą 0 is arbitrary, the limsup above is actually ď χ1 for
all x P W spY q.

In order to obtain an inequality in the reverse direction, fix ε ą 0 again. Using
Theorem 3.1 we find N ą 0 such that, for all points y P Y and all unit vectors
u P E1pyq,

(4.2) 1

N
log }Apy,Nqu} ą χ1 ´ ε .

Since the cocycle A restricted to the compact invariant set Y admits a dominated
splitting with dominating bundle E1, we can define a family of cones Cpyq Ă Rd
depending continuously on y P Y with the following properties: for every y P Y , we
have E1pyq Ă Cpyq and

Apy, 1qpCpyqq Ă intpCpyqq Y t0u (strict invariance).
Such a cone field is easily constructed using an adapted metric: see [26, 18]. The
subbundle attracts vectors in the cone field in the following sense: for every y P Y
and every unit vector u P Cpyq,
(4.3) >

`

Apy, nqu,E1pfnpyqq
˘

Ñ 0 as n Ñ 8,

and this convergence is actually uniform with respect to y and u. We extend
continuously the cone field to a neighborhood U of Y so that the strict invariance
property is satisfied for points in U X f´1pUq.

Fix x P W spY q. Replacing x by an iterate if necessary, we assume that fnpxq P U
for every n ě 0. Fix any unit vector v P Cpxq. It follows from property (4.3) that
there exist a sequence of points yn P Y and a sequence of unit vectors un P E1pynq

such that
dpfnpxq, ynq Ñ 0 and >pApx, nqv, unq Ñ 0 as n Ñ `8 .

Inequality (4.2) applies to each pair py, uq “ pyn, unq. For every sufficiently large
n, the pair

`

fnpxq, Apx,nqv
}Apx,nqv}

˘

is close to pyn, unq, and therefore

1

N
log

}Apx, n`Nqv}

}Apx, nqv}
ą χ1 ´ 2ε .

Now it is straightforward to check that

lim inf
nÑ8

1

n
log }Apx, nqv} ě χ1 ´ 2ε .
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Since ε ą 0 is arbitrary, the liminf above is actually ě χ1 for all x P W spY q. The
proof of the lemma is completed. �

Proof of Theorem 4.3. For each j “ 1, 2, let rχj1 ě ¨ ¨ ¨ ě rχjd be the list of values of
the Lyapunov exponent of the cocycle A|Xj , where each value is repeated according
to multiplicity. By assumption, these two lists are not identical.

We first assume that rχ1
1 ‰ rχ2

1. For definiteness, assume that rχ1
1 ą rχ2

1. Consider
the sequence of continuous functions

(4.4) ϕnpxq “
1

n
log }Apx, nq}, x P X .

By Lemma 4.4, for each j “ 1, 2, we have limϕnpxq “ rχj1 for all x P W spXjq. Each
of these stable sets is dense, by hypothesis. Applying Theorem 4.1 with α “ rχ2

1 and
β “ rχ1

1, we obtain that the set of points for which limnÑ8 ϕnpxq exists is meager
and hence, so is its subset FR of forward regular points (see [7]). This completes
the proof of the theorem in the particular case when rχ1

1 ‰ rχ2
1.

We now proceed with the general case and show how to reduce it to the previous
one by using exterior powers. As explained in Subsection 2.4, a regular point x P X
for the cocycle A is also a regular point for the exterior power cocycle A^i. Now
let i be the smallest index such that rχj1 ‰ rχj1, that is, rχipA|X1q ‰ rχipA|X2q. Then,
by formula (2.8), we obtain that

rχ1

`

A^i|X1

˘

‰ rχ1

`

A^i|X2

˘

.

Since the cocycle A is completely regular on subsets X1 and X2, the exterior power
cocycle A^i is also completely regular on these sets (see Proposition 3.4). By the
previous case, the set of forward regular points for the cocycle A^i is meager, and
hence, so is the set of forward regular points for the cocycle A. This completes the
proof of the theorem. �

4.4. Applications of the criterion. We present some corollaries of Theorem 4.3.
If p is a periodic point for f , let Oppq denote the orbit of p. Given any linear

cocycle A over f , the periodic point p is LP-regular, and its Lyapunov exponents
can be computed from the eigenvalues of the matrix App, kq, where k is the period
of p.

Corollary 4.5. Let f be a homeomorphism of a compact metric space X and let A
be a continuous linear cocycle over f . Suppose there are two periodic points p, q P X
such that

(1) the stable sets W spOppqq and W spOpqqq are both dense in X;
(2) SppA, pq ‰ SppA, qq.

Then the set FR of points which are forward regular for the cocycle A is meager
and, in particular, so is the set R of LP-regular points.

Proof. Recall from Example 3.6 that the restriction of the cocycle A to any periodic
orbit is completely regular. The result now follows from Theorem 4.3. �

There are situations where Theorem 4.3 applies, but Corollary 4.5 does not. For
example, suppose ϕt : M Ñ M is a transitive Anosov flow of a compact manifold.
If t0 ą 0 is small enough, then f :“ ϕt0 has no periodic points, so we are out of
the scope of Corollary 4.5. Suppose x1 and x2 are periodic points for the flow,
and let X1 and X2 be the respective orbits. Then the restrictions f |X1 and f |X2
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are conjugate to irrational rotations. If A is any continuous cocycle over f whose
restrictions A|X1 and A|X2 are completely regular but have different Lyapunov
spectra, then its set R of LP-regular points is meager in M . Indeed, the stable
sets W spX1q and W spX2q are dense (see e.g. [24, Theorem 2.6.10]), so Theorem 4.3
applies.

On the other hand, there is a particular setting of the dynamics in which the
denseness hypothesis in Corollary 4.5 is naturally satisfied, namely homoclinic
classes. We recall the definition.

Let f : M Ñ M be a C1 diffeomorphism of a compact smooth Riemannian
manifold M . Let also p, q P M be two hyperbolic periodic points. We say that
p and q are homoclinically related and write q „ p if the sets of transverse inter-
section points W upOppqq&W spOpqqq and W spOppqq&W upOpqqq are both nonempty.
This turns out to be an equivalence relation (see [43, Proposition 2.1]), and every
equivalence class is an invariant subset. The homoclinic class of p is defined to be
the closure of the equivalence class of p. (We note that two homoclinic classes may
intersect without being identical.) Furthermore (see [43, Corollary 2.7]),

(4.5) Hp “ W upOppqq&W spOppqq.

In particular, for any periodic point q „ p the set W spOpqqq is dense in Hp “ Hq.
Thus Corollary 4.5 implies the following result:

Corollary 4.6. Let f be a C1 diffeomorphism, let p be a hyperbolic periodic point,
and let Hp be its homoclinic class. Let A be any continuous cocycle on Hp. Assume
that there exists another periodic point q which is homoclinically related to q such
that SppA|Oppqq ‰ SppA|Opqqq. Then the set R of LP-regular points for A is
meager in the relative topology of Hp.

Of course, the most natural application of the result above is for the derivative
cocycle restricted to the homoclinic class.

Corollary 4.5 extends some results that can be found in the literature. We
describe here a result by Tian [55].

Let f be a homeomorphism of a compact metric space X. We say that f has
exponential specification property with exponent λ ą 0 if for any δ ą 0 there is
N “ Npδq ą 0 such that for any k ě 1, any k points x1, x2, . . . , xk P X, any
integers a1 ď b1 ă a2 ď b2 ă . . . ă ak ď bk with ai ` 1 ´ bi ě N , one can find a
point y P X such that

dpf ipyq, f ipxjqq ă δe´λminti´ai,bj´iu

for aj ď i ď bj and 1 ď j ď k.

Theorem 4.7 (see [55, Theorem 1.3]). Let A be a Hölder continuous cocycle over
a homeomorphism f with the exponential specification property. Then either the
set R of LP-regular points is meager in X or the cocycle has the same Lyapunov
spectrum with respect to all ergodic f -invariant measures.

This result can be easily derived from Corollary 4.5. To see this, observe that the
exponential specification property implies that the stable set of any periodic point
is dense in X. Now let µ1 and µ2 be f -invariant ergodic measures with respect to
which the cocycle A has different Lyapunov spectra. By [34, Theorem 1.4], given
ε ą 0, there are periodic points p1 and p2 with respect to which Lyapunov spectra
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of the cocycle are ε-close to the corresponding Lyapunov spectra with respect to
µ1 and µ2. If ε is sufficiently small, this implies that the Lyapunov spectra at p1
and p2 are different. Theorem 4.7 follows.

4.5. All-or-meager results. Here is a related result, this time following from
Corollary 4.5 combined with Theorem 3.13:
Theorem 4.8. Let A be a Hölder continuous cocycle over a transitive Anosov
C1`δ diffeomorphism f of a compact smooth manifold X. Then either the set R of
LP-regular points is meager in X or R “ X and the cocycle is completely regular.

Notice the sharp contrast between the two alternatives: either the set R is the
whole space, or it is a meager subset. We call statements with this type of conclusion
all-or-meager results. Another example is Theorem 4.2.

Let us look for other results of this type. Optimistically, one could ask: are
the conclusions of Theorem 4.8 valid for any continuous linear cocycle over any
homeomorphism of a compact space? The answer is negative, as the following
example shows.
Example 4.9. Let g : Y Ñ Y be a homeomorphism of a compact space admitting
a fully-supported Borel probability measure. Let B be a linear cocycle over g, with
generator B, and let RB be the set of LP-regular points. We can easily arrange
examples so that RB ‰ Y (using Theorem 4.8, for instance). On the other hand,
there exists a point z P RB whose alpha- and omega-limits are both equal to Y .
That is, if zn “ gnpzq, then for any N ą 0, the sets tzn : n ą Nu and tzn : n ă ´Nu

are both dense in Y . Now fix an increasing two-sided sequence ptnqnPZ such that
tn Ñ 0 as n Ñ ´8 and tn Ñ 1 as n Ñ `8. Consider the following space:

X :“ pY ˆ t0, 1uq Y tpzn, tnq : n P Zu,

which is a compact subset of Y ˆ r0, 1s. Define a homeomorphism f : X Ñ X as
follows:

fpy, tq :“ pgpyq, tq if t “ 0, 1, fpzn, tnq :“ pzn`1, tn`1q .

Finally, define a cocycle A over f whose generator is Apy, tq :“ Bpyq. Then the set
RA of LP-regular points is not the whole space X, but it is neither a meager set,
because it contains the orbit of pz0, t0q, which is an open and dense set.

The example above is somewhat unsatisfactory because the map f has wandering
points.

Letting f be a transitive Anosov diffeomorphism again, it is an open problem
whether Theorem 4.8 remains true if we assume that the cocycle is only continuous,
instead of being Hölder continuous.

On the other hand, if we assume that the dynamics is minimal, then we have the
following all-or-meager dichotomy that applies to all continuous linear cocycles:
Theorem 4.10. Let A be a continuous cocycle over a minimal homeomorphism f
of a compact metric space. Then either the set R of LP-regular points is meager in
X or R “ X and the cocycle is completely regular.

The proof of this theorem is given in Section 4.7.
Theorem 4.10 extends some previous results such as [25, Theorem 4] and [30,

Corollary 1.4].
Johnson and Zampogni asked a question in [33, p. 104], which in our terminology

is as follows: Assume that the dynamics f is minimal, and that for all points x and
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all nonzero vectors v, the forward Lyapunov exponent limnÑ8
1
n log }Apx, nqv} is

well-defined; does it follow that the cocycle is completely regular? Note that Theo-
rem 4.10 provides a positive answer to this question under the stronger hypothesis
that all points are LP-regular.

4.6. Singular values of cocycles. As a preparation for the proof of Theorem 4.10,
we discuss the behaviour of the singular values of the cocycle. Furthermore, under
assumption of minimality, we obtain new information about singular values in the
absence of dominated splitting (Theorem 4.12).

The singular values of a linear operator L : Rd Ñ Rd are the eigenvalues of?
L˚L, which we list with multiplicity as

σ1pLq ě ¨ ¨ ¨ ě σdpLq .

Each singular value σkpLq depends continuously on L. The extreme singular values
are the norm }L} “ σ1pLq and the co-norm mpLq “ σdpLq. More generally, by the
Courant–Fischer principle [29, Theorem 7.3.8], for any k “ 1, . . . , d,

σkpLq “ max
 

mpA|Eq : E is a subspace of dim. k
(

“ min
 

}A|F } : F is a subspace of dim. d´ k ` 1
(

.

As a simple consequence, we have the following useful bounds:
(4.6) mpL3qσkpL2qmpL1q ď σkpL3L2L1q ď }L3}σkpL2q }L1} .

The list of singular values of the exterior power L^r coincides with the list
σk1pLq ` ¨ ¨ ¨ ` σkj pLq, where 1 ď k1 ă ¨ ¨ ¨ ă kr ď d, with repetitions being taken
into account.

The Lyapunov exponents of a linear cocycle A are related to the singular values
as follows: for every forward regular point x,

rχkpxq “ lim
nÑ`8

1

n
log σkpApx, nqq .

Dominated splittings (see Section 2.5) can be detected in terms of separation of
singular values as follows:

Proposition 4.11 ([11, Theorem A]). Let f be a homeomorphism of a compact
metric space, and let A be a d-dimensional continuous linear cocycle over f . For
every k with 0 ă k ă d, the cocycle A admits a dominated splitting with a nontrivial
dominating bundle of dimension k if and only if there exist positive constants c and
ε such that

σkpApx, nqq

σk`1pApx, nqq
ą ceεn

for all x P X and all n ą 0.

In the result above, the “only if” part is rather trivial. It is the “if” part that is
interesting: the exponential separation of singular values forces the existence of a
dominated splitting.

Our next result can be seen as an improvement of Proposition 4.11 under the
assumption of minimality:

Theorem 4.12. Let f be a minimal homeomorphism of a compact metric space,
and let A be a d-dimensional continuous linear cocycle over f . Fix k with 0 ă k ă d.
Then the cocycle A does not admits a dominated splitting with a dominating bundle
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of dimension k if and only if there exists a residual subset G of X such that for
every x P G,

lim inf
nÑ8

1

n
log

σkpApx, nqq

σk`1pApx, nqq
“ 0 .

Note that the minimality assumption cannot be dropped, as Example 3.12 shows.

Proof of Theorem 4.12. The “if” part is a direct consequence of (the trivial half
of) Proposition 4.11. So let us prove the “only if” part. Assume that the cocycle
A admits no dominated splitting with dominating bundle of dimension k. By
Proposition 4.11, for every i ą 0 there exists xi P X and ni ą i such that

1

ni
log

σkpApxi, niqq

σk`1pApxi, niqq
ă

1

i
.

Since X is compact and the cocycle is continuous, there exists c ą 0 such that

}Apx, nq} ď ec|n|

for all x P X and n P Z. Consider the matrix identity
Apf jpxq, nq “ Apfnpxq, jqApx, nqApT jx,´jq .

Using inequalities (4.6),
σkpApf jpxq, nqq

σk`1pApf jpxq, nqq
ď e4c|j| σkpApx, nqq

σk`1pApx, nqq
.

In particular, if |j| ă
?
ni, then

1

ni
log

σkpApf jpxiq, niqq

σk`1pApf jpxiq, niqq
ă

4c
?
ni

`
1

i
— εi .

Note that εi Ñ 0 as i Ñ 8.
Now define a sequence of open sets

Ui :“

"

x P X :
1

ni
log

σkpApx, niqq

σk`1pApx, niqq
ă εi

*

.

By the previous observations, Ui contains the orbit segment tf jpxiq : |j| ă
?
niu.

Since ni Ñ 8 and f is a minimal transformation, there exists a sequence δi Ñ 0
such that each set Ui is δi-dense in X. It follows that, for each m ą 0, the set
Vm :“

Ť8

i“m Ui is open and dense. By Baire’s theorem, the set G :“
Ş8

m“1 Vm is
residual, and in particular dense.

For every point x in G, there exists a sequence ij Ñ 8 such that x P Uij , and so

lim
jÑ8

1

nij
log

σkpApx, nij qq

σk`1pApx, nij qq
“ 0 . �

Let us highlight a consequence of Theorem 4.12 in the particular context dis-
cussed in Example 3.7, Section 3.2:

Corollary 4.13. Let f be a uniquely ergodic homeomorphism of a compact metric
space and let A be a continuous SL˘

p2,Rq-cocycle over f . If the cocycle A is not
uniformly hyperbolic, then there exists a residual subset G0 of X such that for all
x P G0, the set of accumulation points of the sequence 1

n log }Apx, nq} is the interval
r0, χ1s, where χ1 “ χ1pµq is the first Lyapunov exponent of the cocycle with respect
to the unique f -invariant measure µ.
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Note that the result above improves some of the conclusions of [25, Theorem 4].

Proof. For each x, let Λx be the set of accumulation points of the sequence 1
n log }Apx, nq}.

Then Λx is a compact interval (see e.g. [58, Lemma 2.5]). Note that Λx Ă r0,8q

because | detA| ” 1, and Λx Ă r0, χ1s due to Proposition 2.3. If χ1 “ 0, there
is nothing to show. So, assume that χ1 is positive. Since the cocycle is not uni-
formly hyperbolic, by Theorem 4.12 there is a dense set of points x for which
lim inf 1

n log }Apx, nq} “ 0. On the other hand, there is another dense set of points
x for which lim 1

n log }Apx, nq} “ χ1. The proof of Theorem 4.1 actually shows that
if 0 ă α2 ă β2 ă χ1, then there is a residual subset of points x such that

lim inf
1

n
log }Apx, nq} ă α2 ă β2 ă lim sup

1

n
log }Apx, nq}

and in particular Λx Ą rα2, β2s. Therefore, the set of points x such that Λx “ r0, χ1s

is residual. �

4.7. Proof of Theorem 4.10. Recall that, given a ergodic measure µ, its Lya-
punov exponents, repeated according to their multiplicities, are denoted rχ1pA, µq ě

¨ ¨ ¨ ě rχdpA, µq.

Lemma 4.14. Let f be a minimal homeomorphism f of a compact metric space.
Let A be a d-dimensional continuous linear cocycle over f and let R be the set of its
LP-regular points. Suppose that A admits no dominated splitting into non-trivial
subbundles. Then:

(1) either rχ1pA, µq “ rχdpA, µq for every f -ergodic Borel probability measure µ,
in which case the set R equals X and the cocycle A is completely regular;

(2) or rχ1pA, µq ą rχdpA, µq for some f -ergodic Borel probability measure µ, in
which case the set R is meager in X.

Proof. As a first case, suppose that rχ1pA, µq “ rχdpA, µq for every f -ergodic Borel
probability measure µ. Consider the following “normalized” cocycle

(4.7) Âpx, nq :“ |detApx, nq|
´ 1

d Apx, nq ,

whose determinants are ˘1. Our assumption ensures that all Lyapunov exponents
of Â with respect to all ergodic measures are zero. By Proposition 3.2, the cocycle
Â is completely regular with zero spectrum.

Let ϕnpxq :“ log |detApx, nq|, and let D be the set of x P X such that the
following two limits exist and coincide:

(4.8) lim
nÑ8

ϕnpxq

n
“ lim
nÑ´8

ϕnpxq

n
.

We claim that R (the set of LP-regular points for A) equals D. Indeed, the inclusion
R Ă D always holds, as for LP-regular points the limit (4.8) will be the sum of the
Lyaponov exponents. On the other hand, since Â is completely regular with zero
exponents, it follows from (4.7) that

(4.9) log }Apx, nqv} ´
ϕnpxq

d
“ op|n|q

for all x P X and all nonzero v P Rd, showing the reverse inclusion D Ă R.
Applying Theorem 4.2 to f and f´1, we see that the set D (that is, R) is either

meager or equal to X and, in the latter case, the limits (4.8) equal some constant
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χ. So, when R “ X, (4.9) says that all Lyapunov exponents of the cocycle A are
equal to χ and, in particular, the cocycle is completely regular.

Now consider the second case, where there exists an ergodic Borel probability
measure µ such that rχ1pA, µq ą rχdpA, µq. Then, for µ-almost every point y,

lim
nÑ8

1

n
log

σkpApy, nqq

σk`1pApy, nqq
“ rχkpµq ´ rχk`1pµq ą 0 .

By minimality of f , the measure µ has full support, so the formula above holds
for a dense set of points y. On the other hand, by Theorem 4.12, there is another
dense set where the formula fails, and actually the liminf of the sequence is 0. Now
we can apply Theorem 4.1 and conclude that the set of points z for which

lim
nÑ8

1

n
log

σkpApz, nqq

σk`1pApz, nqq

exists is meager in X. In particular, the set R of LP-regular points is meager, as
we wanted to show. �

At last, we can establish our general all-or-meager dichotomy for cocycles over
minimal transformations:

Proof of Theorem 4.10. Let A be an arbitrary continuous cocycle over the minimal
dynamics f . Consider the finest dominated splitting of the cocycle (see [12, The-
orem B.2]; see also [53, 8]), that is, the invariant splitting E1 ‘ ¨ ¨ ¨ ‘ Es which is
dominated (i.e., satisfies inequalities (2.10) for some n0), and the number of bun-
dles s is maximal. The case s “ 1 corresponds to the situation where the cocycle
admits no dominated splitting into non-trivial subbundles. The subbundles are
continuous, by Proposition 2.1. For each i, let Ri be the set of LP-regular points
of the restriction of the cocycle to the ith bundle Ei. By Lemma 4.14, each Ri is
either a meager set or the whole X, and the latter alternative occurs only if the
restricted cocycle A|Ei is completely regular. Note that the set of LP-regular points
of A is R “ R1 X ¨ ¨ ¨ X Rk. Therefore, R is either a meager set or the whole X.
Furthermore, if R “ X, then for every i we have Ri “ X, which implies that each
A|Ei is completely regular, and therefore A itself is completely regular. �

5. Further discussion of the notion of complete regularity

In this section, we return to our definition of complete regularity. Recall that a
continuous d-dimensional linear cocycle over a homeomorphism of a compact metric
space is completely regular when

(1) every point is LP-regular, and
(2) the Lyapunov spectra of all (LP-regular) points are the same.

In this section, we investigate the interdependency of these two conditions. We will
construct examples showing that they are essentially independent – in a sense to
be made precise.

5.1. All points being regular does not imply complete regularity. By The-
orem 4.10, if the dynamics f is minimal, then Condition (1) in the definition of
complete regularity does imply Condition (2), that is, if a cocycle has the property
that all points are LP-regular, then the Lyapunov exponents do not depend of the
point.
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On the other hand, if f is non-minimal, then Condition (1) does not imply
Condition (2). For example, let f be the automorphism of the two-torus pR{Zq2

induced by the matrix p 1 1
0 1 q, that is,

(5.1) fpx, yq :“ px` y, yq mod Z2 .

If we take a continuous cocycle of diagonal matrices, then every point will be LP-
regular. But the Lyapunov exponents will not be constant, in general. This example
was pointed out before in [33, Example 4.1].

Let us exhibit an example where f is topologically transitive. Consider the group
G :“ SLp2,Rq, the lattice Γ :“ SLp2,Zq, and the quotient N :“ ΓzG, that is, the set
of right cosets Γg. Then N is a Hausdorff but non-compact space with respect to the
quotient topology (actually it is the unit tangent bundle of the modular surface).
Let X :“ N Y t8u be the one-point compactification of N . Define f : X Ñ X by
fp8q :“ 8 and

fpΓgq :“ Γg p 1 1
0 1 q .

The map f is a homeomorphism and, like the previous example (5.1), is such the
Birkhoff averages of every continuous function converge pointwise (see [20, The-
orem 5.1]); furthermore, f is topologically transitive. Arguing as before, Condi-
tion (1) does not imply Condition (2) for this map f .

The following result provides a similar example with a derivative cocycle of a
diffeomorphism.

Theorem 5.1. There exists a topologically transitive diffeomorphism f : M Ñ M
of a compact connected smooth Riemannian manifold M of dimension 11 such that
every point x P M is LP-regular for the derivative cocycle and the set of Lyapunov
vectors

 

pχ1pxq, . . . , χ11pxqq P R11 : x P M
(

has the power of the continuum.

For our construction we need the following objects:
(1) The group G :“ SLp3,Rq, which is a simple connected Lie group; we identify

SLp2,Rq with the subgroup consisting of matrices of the form
´

˚ ˚ 0
˚ ˚ 0
0 0 1

¯

.
(2) A co-compact lattice Γ Ă G such that Γ X SLp2,Rq is a co-compact lattice

in SLp2,Rq (see [59, Exerc. 4, §18.6]).
(3) The quotient N :“ ΓzG, that is, the set of right cosets Γg; this is a compact

smooth manifold of dimension 8; we denote by mN the normalized volume
in N which is induced on N by the Haar measure on the group G.

(4) The one-parameter subgroup of unipotent matrices

ut :“

¨

˝

1 t 0
0 1 0
0 0 1

˛

‚

and the corresponding unipotent flow
ϕt : N Ñ N

Γg ÞÑ Γgut ,

which preserves the volume measure mN .
(5) A C8 strictly positive function τ : N Ñ R whose choice will be specified

later.



REGULARITY OF COCYCLES AND BAIRE CATEGORY 25

(6) The Anosov flow tψtu which is a suspension flow with constant roof function
1 over an Anosov automorphism of the two-dimensional torus T2 given
by the matrix A “ p 2 1

1 1 q; we denote by S the 3-dimensional suspension
manifold; the flow tψtu preserves volume in S which we denote by mS .

Denote M :“ N ˆ S. Given α ą 0, consider a skew-product map fα : M Ñ M
given by:

fαpx, yq :“ pϕ1pxq, ψτpxq`αpyqq.

For every α, the map fα is a C8 diffeomorphism preserving a smooth measure
on M . We will show that with an appropriate choice of the parameter α and the
function τ , the map fα has the desired properties.

For every point px, yq P M we have the following splitting of the tangent space
(5.2) Tpx,yqM “ Tpx,yqpN ˆ tyuq ‘ Es

fαpx, yq ‘ Eu
fαpx, yq ‘ E0

fαpx, yq,

where
(5.3) Es

fαpx, yq “ Es
ψ1pyq and Eu

fαpx, yq “ Eu
ψ1pyq

are the one-dimensional stable and, respectively, the one-dimensional unstable sub-
spaces and
(5.4) E0

fαpx, yq “ Span
 

B
Bt

(

“ E0
ψtpyq.

By Ratner’s equidistribution theorem [48, Theorem B], for every x P N , the
orbit tϕnxuně0 is equidistributed with respect to some probability measure mx on
N , that is, for every continuous function h : N Ñ R, we have

(5.5) lim
nÑ8

1

n

n´1
ÿ

j“0

hpϕ˘jxq “

ż

N

h dmx .

The desired properties of the map fα follow immediately from the following three
lemmas.

Lemma 5.2. There is a smooth strictly positive function τ : N Ñ R such that the
set

!

ż

N

τ dmx : x P N
)

has the power of continuum.

Lemma 5.3. For every smooth strictly positive function τ : N Ñ R there exists a
countable set A Ă R` such that for every α P R`zA, the map fα is topologically
transitive.

Lemma 5.4. For any choice of a smooth function τ and any α P p0, 1q the splitting
(5.2) is continuous, invariant under dfα, and for every px, yq P M ,

lim
nÑ˘8

1

n
log }Dfnα pvq} “ 0 for every v P Tpx,yqpN ˆ tyuq ,(5.6)

lim
nÑ˘8

1

n
log }Dfnα |Es

fαpx, yq} “ ´plog λq

ż

N

pτ ` αq dmx ,(5.7)

lim
nÑ˘8

1

n
log }Dfnα |Eu

fαpx, yq} “ plog λq

ż

N

pτ ` αq dmx ,(5.8)

lim
nÑ˘8

1

n
log }Dfnα |E0

fαpx, yq} “ 0 ,(5.9)
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where λ ą 1 is the top eigenvalue of the matrix A. In particular, every point
px, yq P M is LP-regular.

We proceed with proofs of these three lemmas.

Proof of Lemma 5.2. Let rG be the subgroup of G consisting of the matrices of the
form

´

˚ ˚ 0
˚ ˚ 0
0 0 1

¯

, that is, the standard copy of SLp2,Rq in SLp3,Rq. Let π : G Ñ N

be the quotient map πpgq :“ Γg and let N0 :“ πp rGq. Since the unipotent subgroup
putq is contained in rG, the set N0 is invariant under the unipotent flow tϕtu. Recall
that our lattice Γ ă G was chosen so that rΓ :“ Γ X rG is a co-compact lattice in rG.
Therefore, the quotient rN :“

rΓz
rG is a compact 3-manifold which is actually the unit

tangent bundle of a compact hyperbolic surface. We define a unipotent flow on rN by
the formula rϕtprΓrgq :“ rΓrgut; this is actually the horocycle flow on the unit tangent
bundle. Define a map rN Ñ N0 by rΓrg ÞÑ Γrg. This map is a homeomorphism, and it
conjugates the flows rϕt and ϕt|N0

. By a theorem of Furstenberg, the horocycle flow
rϕt is strictly ergodic (i.e., minimal and uniquely ergodic); furthermore, the time-1
map rϕ1 is also strictly ergodic: see [22]. We conclude that the submanifold N0 of
N supports a unique ϕ1-invariant measure, which we call mN0 .

Next, consider the one-parameter subgroup of G formed by the matrices of the
form

as :“

¨

˝

es 0 0
0 es 0
0 0 e´2s

˛

‚ , s P R .

Note that asrg “ rgas for every rg P rG, and in particular, asut “ utas. As a
consequence, the flow

ζs : N Ñ N

Γg ÞÑ Γgas ;

commutes with the unipotent flow, that is,
ζs ˝ ϕt “ ϕt ˝ ζs .

Therefore, the submanifold Ns :“ ζspN0q supports a unique ϕ1-invariant measure,
namely mNs

:“ pζsq˚pmN0
q. For every point x in Ns, the measure mx defined by

(5.5) coincides with mNs
.

We have constructed a continuous curve s ÞÑ mNs in the space of ϕ1-invariant
Borel probability measures on N (endowed with the weak topology). We will prove
that this curve is non-constant. Once we do that, the lemma will immediately
follow, as it will be sufficient to take any C8 strictly positive function τ for which
the function s ÞÑ

ş

N
τ dmNs

is non-constant.
Note that as R rG for all nonzero s. Since the projection π : G Ñ N is a covering

map and πp rGq is the compact set N0, it follows that πpasq R N0 for all sufficiently
small s ‰ 0. But πpasq P Ns, and so Ns ‰ N0 for all sufficiently small s ‰ 0.
Since Ns is the support of the measure mNs

, this proves that the curve s ÞÑ mNs

is non-constant, as we wanted to show. �

Proof of Lemma 5.3. Consider the following two dynamical systems on the mani-
fold M “ N ˆ S:

‚ the flow id ˆ ψt whose time t map is px, yq ÞÑ px, ψtpyqq;
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‚ the diffeomorphism f0px, yq “ pϕ1pxq, ψτpxqyq.
Note that the flow and the diffeomorphism above commute. Therefore, we obtain
an action of the group R ˆ Z on M . Note that the action preserves the product
measure mN ˆmS .

We claim that the product measure is ergodic with respect to the R ˆ Z-action.
Indeed, if h : M Ñ R is an invariant bounded Borel measurable function, then it
is also invariant under the flow id ˆ ψt. Since the measure mS is ergodic for the
flow ψt, there exists some bounded Borel measurable function h1 : N Ñ R such
that hpx, yq “ h1pxq for mN ˆ mS-almost every px, yq. Since h ˝ f0 “ h, we have
h1 ˝ ϕ1 “ h1 mN -almost everywhere. Ergodicity implies that h1 coincides with a
constant mN -almost everywhere. Hence, h is constant mNˆmS-almost everywhere,
completing the proof of ergodicity.

Note that the element pα, 1q of the R ˆ Z-action is the diffeomorphism fα. Let
A be the set of α P R` such that pfα,mN ˆ mSq is not ergodic. By a result
of Pugh and Shub [46, Theorem 2], the set A is countable. Since the measure
mN ˆmS is positive on open sets, the map fα is topologically transitive whenever
it is ergodic. �

Proof of Lemma 5.4. Equality (5.6) follows from the definition of the map fα, and
the following two facts: (a) all the Lyapunov exponents of ϕt are zero; and (b) the
Lyapunov exponent of the Anosov flow in its flow direction is zero. Equality (5.9)
follows from (5.4) and the fact that the function τ is bounded. To prove equality
(5.7) observe that for every n ą 0,

fnα px, yq “ pϕnpxq, ψnα`τnpxqpyqq,

where τnpxq “
řn´1
k“0 τpϕkpxqq. By property (5.5), for every x P N we have

τnpxq “ n

ż

N

τ dmx ` opnq.

The desired equality now follows from the fact that every v P Espyq contracts under
the Anosov flow by a constant factor λt. The proof of equality (5.8) is similar. �

We proved the lemmas and, as explained before, this completes the proof of
Theorem 5.1.

5.2. Agreement of Lyapunov spectra does not imply complete regularity.
In this subsection we discuss the problem of whether Condition (2) alone is sufficient
for complete regularity. Strictly speaking, as stated this condition subsumes the first
and so the problem seems hollow. However, we may ask the following meaningful
question: Suppose every two points that are LP-regular have the same Lyapunov
spectrum. Does it follow that every point is LP-regular?

The answer is negative, as Example 3.12 illustrates. In that example, most
points are wandering; in fact, there is no invariant Borel probability measure whose
support is X. The next result provides a more interesting example:

Theorem 5.5. There exists a homeomorphism f : X Ñ X of a compact space X
admitting a fully-supported invariant Borel probability measure and there exists a
2-dimensional continuous linear cocycle A over f with the following properties:

‚ all LP-regular points x P X have Lyapunov exponents χ1pxq “ c and
χ2pxq “ ´c, where c is a positive constant;

‚ there exist points in X that are not LP-regular.
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In fact, the map f in our example is uniquely ergodic, and so, by Theorem 4.10,
points that are not LP-regular for the cocycle A form a residual subset of X.

We do not know if there exist examples of cocycles over a hyperbolic base dy-
namics satisfying the conclusions of Theorem 5.5. If that is the case, the matrix
maps cannot be Hölder continuous, by Theorem 3.13.

Another question is the following: Assuming Condition (1) in the definition of
complete regularity, can Condition (2) be weakened to the following condition (2’)?

(2’) all ergodic measures have the same Lyapunov spectrum.
We now turn to the proof of Theorem 5.5.
If f : X Ñ X is a homeomorphism of a compact metric space X, we say that f

is a Veech map if it is strictly ergodic (i.e. minimal and uniquely ergodic) and f2 is
minimal but not uniquely ergodic. Veech maps were first constructed by Veech [57].

Walters [58] has shown that given a Veech map f , one can construct a non-
uniformly hyperbolic cocycle with base f . We will construct a specific Walters
cocycle with some additional properties which will be instrumental in our proof of
Theorem 5.5. For this cocycle we need the base Veech map constructed in [9, Sec. 4]
(the idea of this construction is due to Scott Schmieding).

Proof of Theorem 5.5. Let e1, e2, . . . be words in the alphabet A :“ tÒ, Ó, 0u, defined
in a recursive manner as follows:

e1 :“ ÒÓ ,

ek`1 :“ ek
2

`1
k 0 ek ek

k2`1 0 ek ,(5.10)
where ek denotes the word obtained from ek by switching the arrows. Let X be
the subset of AZ formed by those bi-infinite sequences ω “ pωiqiPZ such that for
every n ą 0, the word ω´nω´n`1 ¨ ¨ ¨ωn occurs as a subword (i.e., a factor) of some
ek. According to [9, Theorem 4.1], X is a closed, shift-invariant subset of AZ, and
if f : X Ñ X is the restricted shift, then f is a Veech map. Define a continuous
matrix valued map

Apωq :“

ˆ

0 eϕpωq

e´ϕpωq 0

˙

where ϕpωq :“

$

’

&

’

%

1 if ω0 “ Ò ,

´1 if ω0 “ Ó ,

0 if ω0 “ 0 .

Then [9, Theorem 4.11] states that the corresponding cocycle A has nonzero Lya-
punov exponents (with respect to the unique f -invariant measure), and it is not
uniformly hyperbolic. Note that for any ω P X and n ą 0,

1

n
log }Apω, nq} “

1

n

ˇ

ˇ

ˇ

ˇ

ˇ

n´1
ÿ

j“0

p´1qjϕpf jpωqq

ˇ

ˇ

ˇ

ˇ

ˇ

,

1

n
log }Apω,´nq} “

1

n

ˇ

ˇ

ˇ

ˇ

ˇ

´1
ÿ

j“´n

p´1qjϕpf jpωqq

ˇ

ˇ

ˇ

ˇ

ˇ

.

If ω is a LP-regular point, then the two sequences above must converge to the
same limit as n Ñ 8. However, according to [9, Lemma 4.12], this common limit,
whenever it exists, is a number c ą 0 independent of ω. Therefore all LP-regular
points of our Walters cocycle have the same Lyapunov exponents c and ´c.

At the same time, since f is uniquely ergodic and A is not uniformly hyperbolic,
we must be in case (3) of Proposition 3.8. Consequently, A cannot be completely
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regular (even though, as we saw above, all LP-regular points have the same spectra).
�
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