
 

Lecture 10 Pesin Charts and Applications

Setup T M M is a C diffeomorphism on a Riemannianmanifold

and AEM is a hyperbolic set

1 A is compact and F invariant

121 OseledetsDecomposition Vice A T M ÉGI Eat Ékl tips
Invariants MT E k E Till AT E fil Eltal
Uniform Expansion Contraction so octal sit Hsien

VEE E x1 Unso 119Th 541 CX 115 ll
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In this lecture we analyze the dynamics of T A n and
show

fat T has exponential sensitivity to initial condition ateachoct1
b Stable manifold theorem

The key to these results is a convenient systemof local
coordinates charts called Pesin charts which transform
Th To OT near x into Fin ig o Fig FyiFie
where I Id nd are perturbations of linear hyperbolic

maps

Everythingworks in arbitrary dimension but we'll stink to
the case dimM 2 whith contain all the essential ideas but
is easier to explain



Pesin Charts

we construct linear change
which bring

dTx TM 7,14 to diagonal form
We stick to dim M 2 the general case is similar but
more tedious In the two dimensional case Focian sit Axel

É xl Span Ese Hegall 1
E x Span Each Hénell 1

11CdT E all CA hall

119Th Encaill Xn hat

Fix some to sit exich and define for fixed seed

Sybil E Een Idth es all

Uxbal E Eoe 11 dty es all

The sum converge because the summand is O e Y excl
Fix sled and define a linear map CCel REST M bye

CCal syitesel Cloe q axatency
see

Im Oseledet Pain Reduction Coso sit Used

11CCTV dT C x f ppm diagonal

Coto lyall on next Ipyest a cot
uniformly
hyperbolic



Proof The key observation is that since

dT span é x IT E x E T Span é Tx

it must be the case that

dt é a lldtl.eskill e Ta

Therefore Cx Ta dt C a Cx To Sacs'llldtz.ee le txs

I filldtzesall
So is an eigenvectorwith e v XxGal

s
11 oct eseall

Similarly 9 is an eigenvector with eigenvalue

ix l f 11 oct all

This shows that GM'd I

Next we estimate the eigenvalues

5 612 2É dt ém 2 emlldtiesc lt

2E.achmxll tYxldtxewill

Ildtyekillh.e 2 mild t.ie 11t

ehlldtxekitl



Thus sx to ll dt é pull é sx x whence

ya
Seth lldTyé all e

x

Sx

Next we bound Idyball from below Observe first that

by the compactness of M and the C smoothness of T

M sup 11dT.tl HATIM xeM 8

SxCx1 2 em Idt é 61 1
2

2 1 Ee 11 at é tall I die'all

2 a e'll die'all Eye I d es tall

E e m 2 Idt éttill

em Sx Txt

Than y lldte.nl Hemi sylattz

Mate my global count

Similarly one show that

e Unix count



For the next lemma it is useful to assume that our manifold

is isometrically embedded inRN for some N sad It's a general
theorem that such an embedding exists

In this case the tangent vectors to M are vectors in IRN

We say that in w̅ if
basepoint of in base pointof it
direction of It direction of it
size of in size of 51

1
w̅ w̅ I w̅

Continuitylemma Suppose 1 is a hyperbolic set for a C
diffeomorphism on a compact Riemannian manifold Suppose then and

n To's Then

111 sets E a Ela are continuous on 1 Specifically

on til sit Gettin geht tested e'all

121 Let In then Cylon In Gal
131 11C Culll 11C as'll are continuous and uniformlybounded

away from zero and infinity on 1

41 In fact 11CyGill 1 on



Proof Suppose men and sin x Since A is compact Kel

Recall that Elan are unit vector Therefore EspentIn
is precompact Fix some hi to sit Esting I w̅

Sinie sin x Te T M

Sinie lldtnqsant.IE
N and T is continuously different

N o dt illya XN So I cannot have

a component in E a otherwise Ild Till wouldexplode
not shrink So Te Esal Also

till fim lie scan 11 1

therefore w̅ Esfies
Thus any limit point of Ecg equals E's

Set sgnfcoskfescoal.eu Then é'Gins E'fit
vieweddration in IRN

because on subsequences sit seal Elin

2 x1 5 67 f Eoe 119Th escull is continuous on 1

because by 11 the summands are continuous in x and

the series converges uniformly on n it's dominated by Ʃ Care

Similarly Ktsu Cal is continuum on

Sinie Sx Ux 252 sets upfitt Syfy are continuous



Than Cycin In syn onset

Sybil état ya
Similarly Cylon In 9 GGal 91

3 This follows from 21

4 Define a new inner product c on TM by
I esf.tl SxGal
I e hall Uxbi
e i estal 0

This inner product is called the Lyapunov inner product

claim 11.11 11.11

Prof a ber

llaes bell arsfxitbugTZ2tbTCisx.ax see

atfgy.it TalttT laltlbl

Haesll llbeall Hae bell

Claims 11C Gill 1

11Cx x 9 11 Cas 911 I synaessaltuxmmbencxll.tt
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Diagonalizing T A n we construct local coordinate
charts which bring T 1 A hearse to the form of a
perturbed linear hyperbolic map which depends on si

The exponential map expy I M M

is defined as follows

exp 57 811511 t where

role is the geodesic from x in
direction ftp

Facts from Differential Geometry If M is a compact
Riemannian manifold then

r Miso called the injectivity radius sit

exp FEIM 11511 Crm M

is injective differentiable and

exp CI dexpxle Id

p Ml so sit exp ie TM 1511 crim BE p Ms

Decreasing r M we may assume that exp Bo rIMI image

is bi Lipschitt with Lipschitzconstant of exp exp 2

Df Fix Ken The Pesin chart at Ken is the

map 4 R M 4 E exp CEE
Fix so sit octetal X from deft of 1
Fix C so as above



Thm Paint Suppose T M M R a c differ of
a compact Riemannian manifold M and let A be a

hyperbolic set For all Eso go so sit for all Ken

1 4 ER 11111 go Tx is a diffeomorphism

onto an open neighborhood Tx of x which contains
a ball of fixed size B x 81

2 The maps in 11 are uniformly bi Lipschitz

3 T in coordinates given by
Fx 4 To 4 ER 11111ago IR

has the form

Fx 7 AN h nl Belyth 13,77

where
contraction in Co 1AM e

expansion in y
et Bell C

hit 77 are negligible hito o 0 dhile 0

11111 9 I dhi all Ellul appear
here

Remark C can be relaxed to having Hilder continuum
first derivative



Sketch of Proof The proof is done by examining the
Taylor expansion of Fx T g at lo d noting that

Fx is continuosly differentiable twice C anumption

Fx o o 0,0 because exp tell

del d Cftr oexp To expyo Cfl

Cytas dexpy.tt edcesip.lecxa
Cytton dT C x deeply ld despite'd

diagonal matrix lake Bise

The error term L h vanishes together with its 1ˢᵗderivatives at

The size of the neighborhood of in R where the error
has small derivative is controlled by the size of the
secondderivatives of F at and these are bounded since

T is a on M and M is compact

I Cy ill 11C 1 7 11 are uniformly bounded

Since 4 exp o Cyx R uniformly bi Lipschitz on
this neighborhood again since He C ill 119,5 ll are

globally bounded it maps to a reign of x in M
with site bounded below i.e containing a ball BG87
with fixed 8

See the footnote in the previous page



Exponential Sensitivity to Initial Conditions ESICI
2

Theorems Suppose A is a hyperbolic set for a C diffeomorphism

on a compact Riemannian manifold Ten T has exponential

semitivity to initial conditions on A

Frso so xen n so yer sit

dly x é but d t x g or for some osken

Proof Let X X co be the constants from the Oceledet
Pesin reduction We fix ieth and work with the Pain charts

along the orbit of s with parameter E so small that

e ze e étzech
Recall that 790,60 sit

neighofText
4,1g EER Ill pecto containing

BCT x Sol
Observe that

4Ingo To 4

4pct to 4mayoff to typo 4 To 4

F y Fp z Fx where

Fyky 4th To 4,4 encoder

T 1,9 7 Faf



We write for short

F 5,7 Fy 3 7 A hitsn Benthicy

where

1A set IB set Illdhi Ellen

Fix some point y 4 0,70 with CO.no e Pain chart

of x Let N be the first time They BITEp

Then They Pesin chart of The for n 012 N t

Write That 4m Sn Mn with 131 la Ofl

We have the recursion formula 3m Man Fn 3,21 ie

3m Ansnthicsn.nl

In Buh this
Coenen

Note that Ant é IBal et and

thilsn.at thil 7nl hilo.ollemaxllthill ll 1ll hnCo.o o

E 15,1 121
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Claim Suppose E is so small that effect on letzel n
Then the solution to satisfies

17,1 ex e
k
710 k 0,1 N

Proof First we show that 15,1 Ely I and 17,1317,1
k 13 7,1 because 90 0 7,40

In 14,1 because of
Inductionstep Assume 15,1 Ely and 17,1317,1 then

134,1 lettel is e get Etzel 1h Ink that
Intel ex el 17,1 ethyl ex zelly that
as required

Substituting these inequalities in 4 we obtain

that et et 17,1 e y etzel 19,1
The claim follows

Recall that N first ns.t.TNfyl Pesin chart of T Gy
or N if there is no such n



Let y X 70,4 then

TN yl isoutside thePerin chart ofThat whence d Thy That 8
oeken d T's That d exp Cft's expyyfcxlt.tl 8

Lip exp I'll cut Ill

Lip eapj.it Ilcytis lt'VsinT
Kin where K Sap Lip expy supplies'll

K's hot where y fetzel sn
dlyph d 4 nd t.com

dfexi fc 813

Lip expel Hextall 15th L not
Toballybounded forsome global

constant L
We can now deduce ESIC at x

Take no 18h then d gpa 8h
Casel N n Take k N then I Eken and

dl t's Thia d ITM Tcl do
Care2 NI Take k n then taken and

d t y Tk dit'sTxt k tgh.in

Taking to min So 1 14 we see that in all

cases dly in 8 and Ficken such that

d T's Thel ro We proved ESIC


