
 

Lecture 11 Structural stability 1

I iceI.it ontheensitivitstamaetolast lecture
errors in the model itself i.e the map

lectureserrors in each iteration noise numericalerror
his

1ff.fi II the collectionof diffeomorphism of a
Riemannian manifold M We'll use two notionsof distance onM

CO distance distco T s
gyp

dist TIX SM

C distance Embedd M isometrially into IRM and view
vectors in IM as vector in RN

1
disten T.SI gyp

diet Tx Sal

1h 1T
dit dtr dso

Hotthinkaboutthis If distan T s is small

and we use a coordinate chart x Xg for M to express

T x xa Ej six is

then HE 81 I F ill are small



To save time we'll express all our stability results on
consequences of one master theorem which we'll prove
at the end of the course

Diagram Fixing Thm Suppose T M M is a ch

diffeomorphism with a hyperbolic set 1 There exist

E E E 70

an open set 021 as follows

Suppose 5 is a diffeo it disten T s CE

h X X is a homeomorphism of a metric spacex
and O is a continuousmap sit x ̅ O and

distco140h S.gl Ez i e

x
E commutes

O M

Then continuous t X 0 sit distco 4 C's and

4 oh Sod i e

x
exactly commuter

to M
Moreover e 78 sit

distc doh Sod co dist644 CE

this is not a standard name



Application 1 Shadowing Theory

Deff A d pseudo orbit is a sequence of points art
9 t dist aan Tak co for all k

Example If we calculate T Gi numerically with
truncation error ed what we obtain is a d pseudo orbit

A Shadowinglemma Suppose 1 is a hyperbolic set

of a c diffeomorphism T M M Then E Id sit

for any 5 pseudo orbit x key inside Fx in M sit

d T's xp CE for all ke 2
We say the orbit of x E shadows the orbit ofGod

Proof Consider the diagram
2 2

4 1 24
h z zt

0 7 0 k xk

It 8 commutes

d doh Tof sup d Kohl Ii Tod ki
k

Sap xp Tcas d

By the diagram fixing theorem if 8 E

the 4 2 0 sit 40h Tot

Moreover given E we can choose d s t distco 4,4 E



Let x 4 o Then

d That xp d CTo41Cd xp d 4 hitor

d 41kt 4 d 41k ki dist 4 d CE

So the orbit of x shadows ok

Application 2 Existence of Periodic Orbits

Anosov Closing Lemma Suppose is a hyperbolic set

of a C diffeomorphism For every 78 as follows

Suppose ke A and d Tsc c Cor Then Fy s

t.TNy y and d T y T's C E k 0,1 N

Proof Apply the diagram fixing theorem to

2
2 2 h kl kt mod n

k Thal
o O

T

The diagram 8 commutes because

d Gohl kt Tod lol d modk Tkmodn

15 011 n N 2 0

K N t d T1 Tk Cd

If Scez 74 240 sit To 4 doh



Moreover if d is sufficiently small dist 4 E

Let y 4 o Then

dly at d 4101 4101 CE

T y To 4 o 4 oh o 4 o y

The Suppose A is a hyperbolic set Then for every
so there is a periodic orbit in the E neighborhoodof1

later we'll see that this periodic orbit must be

hyperbolic

Proof A is compact and invariant

By Birkhoff's theorem seen which is recurrent

thy That x

By Anosov's closing lemma 7 periodic orbits

converging to n



Application 3 Structural Stability
Structural Stabilityof Hyperbolic Sets Let T M M be a

C diffeomorphismwith a hyperbolic set 1 Then open neigh
021 and Eso as follows

Any C diffeomophism S O SCO such that

disten T S CE

has a hyperbolic set 1 O and homeomorphism 4 14 sit

n In
4 It commutes

A 1

4

Moreover E eat if distan Ts E then diltcoltidled

Remark 1 4 is called a topological conjugacy of Tn Sta
Remark 2 In general 4 is not differentiable

A A
Proof Apply the diagram fixing theorem to id

f kid

If ECE then this gives us 4 A O continuousSsit

A A
4 14 exactly commuter

O O
S n A

Let 1 4111 then 44 hit exactly
commutes

S



Claim If a is small enough then 4 is a homeomorphism

Proof We already know that 4 is continuous We need to

show that it has a continuous inverse

Fix to be determined later and anume dita T P D so
small that dist 4 id CE

Co

Apply the diagram fixing theorem to

n n

id did
0
IM

This given 4 A 0 continuous it Fos Toy
In addition if dista S TI R sufficiently small dist ly idke

We obtain the following commuting diagram
A A
41 dt
n In
Id di
O f M

Observe that distc 404 id 22 because for all s

d I 1 1 x dist Y 4M 4 x dirt 41 1.4 222



We see that we have two commuting diagram

a A n A

4.4 1404 idd did
O MO IM T

If etc Eg local uniqueness constant in the diagramfixing
theorem then resenarily of id and so 4 A 4111
has a continuous inverse

Immary compact S invariant set 1 411
5 t Tha SI are topologically conjugate

1 I 1
4
4 14

commutes 4 homeomorphism

s

It remains to show that A is a hyperbolic set for S
This requires further tools


