
 

Lecture 12 stabilityofHyparboli.se

We continue with the proofof structural stability of hyperbolicset
The Suppose A is a hyperbolic set of a C1 diffeomorphism T

then open set 0 1 and 7 Eso s.t for every C differ
s sit distan T S CE compact invariant n 0 sit

1 Tt is topologically conjugate to Sly
2 A is a hyperbolic set of S

We already saw 41 Today we'll prove 2 by showing the

following stability result

Thm Suppose T is a C diffeomorphism with a hyperbolic

set There is an open set V2 A and E o as follows

If S E M is a ch diffeomorphism sit

cal disten T S CE

b T E U is a compact invariant set for 5

Then I is a hyperbolic set for S

A set 1 is T invariant if T'sall n Necessarily
since T is invertible x th Then F'fxen



Tool 1 The Lyapunov Metric

Suppose A is a hyperbolic set

Recall the Oseledets Pain reductionCybel IR TM

TX AT GET 1 laxleton
15 1 exsn

The Lyapunov Riemannian metric on 1 is the continuous

family of inner products on TM oct 1 givenby
CT w̅ GG to GG.tw pn

TWeIM
Exercise

o o is continuous on A
E x E x withrespect to C

Te E'm no 119Th ill é hill entirll

Te En Uno latmill hill enthill

Leanna global constant Ko it for all Ken

kill 11 ll.tl koll.tl
Proof Suppose Tet M T Cx a I FER
Then 11511 11Cyanilla left'll Hill

11511 11 Cynthia 11C Gull Hill

The lemma follows with Kpmg 11GW'll civil
which is finite by the continuity of Cylxt on 1



Tool 2 Continu Extmions

Lemmal let A be a compact subsetof a Riemannianmanifold
Any continuous real function on A has a continuous

extension to an open neighborhood of n

2 Any continuous vector field on A has a continuous
extension to an open neighborhood of n

3 Any continuous family of independent basen of TM cen

has a continuous extension to an open neighborhood of n

4 Any continuous familyof inner products on TM een

has a continuous extension to an open neighborhood of n

Exercise

1 Look up Tietze's ExtensionTheorem Prove a

2 Look up partition of unity Prove 2

3 Prove 2 under the assumption that the manifold is
embedded in euclidean space

91 Prove 31

15 Prove 4 Hint To specify an innerproduct its sufficient

to specify an orthonormal basis



Tool 3 Thecorecriterions

setup
T M M C1 diffeomorphism U E M open set

II 11 is some continuous Riemannian norm out s.t.k.tl eko
1111 Riemannian norm on M

X M a compact invariant set

Terminology Suppose IM Cal Eas REX is some

continuous splitting possibly non invariant

Given IoT M we split 5 54 5 F eÉ Cl JEEK
Given oil we define the core families

Rfa Tet M HE'D 11541
xe X

Kja Tet M 11541 a lost

É E

x ̅
É É

TM TM



Cone Criterion Conn Focal open and continuous splittin
É É lxen sit the anociated α cones satisfy

For all seen

IFFYY.fi ticjctans.catt.icses soseintkci'all
21 Contraction Estimates

xen
treka 401 lldt3 tl alloll

VTE K Gal 403 114T tl
tgullilliConeLemmAny compact invariant set A satisfying the

cone criterion is a hyperbolic set

Prof We need to build the Invariant splittingof TM
Let x T l

Yellehaveectothropatheats

Esco dT F Tea

Claim 1 d T E oil E Tsa dT1 Eal Efta

Proof d T E x oct 1 If T1
dt path If T te

main

fat ftp.k Ftc E Tic

Similarly GT Espa E ti



Claims FEES X n o 119th tl
y kopnttill

Je Encal Vaso lldthhullpyek.fi toll
re Ecm Unzo Hdt TL kj2pnllilla

Proof If Te EE then by the previous claim

dTYP e É T X EI Tx for all k

By the forward contraction on I C1

diet dtii.ee fidEtt dthie

dtn.IEiiitiiti
p till

Since kill 11 Hill koll.lk
n o 11 dT ill Kip Hill on Efx

Similarly Vaso 119Th 11 Kip Hill on E k

Substituting dt's for w̅ we get

Holl lldthdt.mil kff Idt ill
whence I drill Kof 11511



Claims E x E x contain linear vector spaces of
dimensions dim E cx dim E fil respectively

Proof Fix orthonormal bases w̅ w̅Y for Cdt E T2
Find a subsequence hi a sit

w̅ w̅ i t p

The limit is an orthonormal system Observe

Van w̅ w̅ eat i those a

Than w̅ T.pe dTN II TY for all Nso

Than w̅ w̅p cdtnt.FI TYe EnGel

Next fix some ay aper Since E 1 are vectorspaces

n N Éaint eldt Efixtedthxiilfxtedttxkt.it
Again this lead to

EaiÑ E
n
AT Keith Each

We see that A Span We Wp is inside E Gal

By construction A is a vector spaceof dimension dim É Gd

Similarly one can build a linear vector space ASSESE

of dimension dim ESG

Notice that A n A É nÉ Sol dimA dina dimÉtdin dimm

So T M A A



Claid EM E'txt are linear vector spaces and

IM EX E x

Proof We claim that ESKI Ask1 Indeed picksome

E E E x1 and decompose w̅ a ta where ate At 4 45

If at o then

114Th ill dtzanll llcdtz.at'll
Kj p Hall Kip Ita'llA EE

A EE
0 unless at o

But 114Th 511 k p till o because TEE

Necessarily as o This shows

ES x A x Ex ASKI

Similarly EUCA A E xI A x

Than E Cxl E x are linear spaces
Observe that

E 1 1 ne x Afl nA x É WnÉ 40

Since dim E dim E dimAnt dima
dim E dim É dim IM

we have IM E x E

Byclaim 1,2 and4 X is a hyperbolic set



Stability of Hyperbolic Sets
Thm Suppose T is a C diffeomorphism with a hyperbolic

set A There is an open set V21 and Eso as follows

If S E M is a ch diffeomorphism sit

cal disten T S CE

b X E U is a compact invariant set for S

then X is a hyperbolic set for S

Lemma 1 T satistics the core criterion on 1

Proof Let J M E l Eli bient be the T invariant splitting
associated with the hyperbolic set A Let II 11 be the Lyapunov
metric and fist ocy on sit Idtles Ian Ildt leall on

Fix Ocson The α un stable cone family is

KY al ñeT M 115511,421154

kill w̅ e TM 1154k a Ili'll

11
E E

KS
E E

TM TM

Think of KLGa KI fil as of neighborhoods of E x Esk



Claim For all ocean sufficiently small for all ath

a dTx K2 x o int Kf Tcl
Cbt Idt kiln to int Kiffin

Proof Suppose we kill to and split a outer ote Eth
Then dtl v At uh at us dt vte Et Txt and

Idt w'll

ndt.ae htYfey2casodTyreintK1Txl
This proven fal Similarly one proves bl

Claim For all octan sufficiently small ptfo.it sit for all see

a treky ex Ild all e pHol

161 Here Kfm Ild Iull e p tot

Proof Fix we kjext and split v u tu teeth
Recall that E E with respect to 11.11 So

Ild ol lldtfrhtdt.fr'll flldfwllhtlldt.tw
ey 2llo4hMYW9T whereM mgxmox Ild I'll
52110411114241041T C Hill's 2hr41 on K2

5Mar I v41 stint null

For a small enough 511427 a pen and weget al

bl has a similar proof The lemma follows



Lemmas Fix α as in Lemmal and let É Es Il 11 be
continuous extension of Efx E'txt and Lyapunov'smetric to someopen
neighborhood 0 of 1 Then eso and an open set Oen sit Oet
and for every C diffeo S sit distan TS C E S satisfies

the core criterion on 0 with the α cores associated to EYE

Proof Let TY T M Ece IS IM Efx see E

be projections associated to the splitting T M É X É xI
Since Etc are continuum sets IT is are continuous on

For Ken d T 1 64150 int KY Ta and

Ild I ol y tot for re kg cal Equivalently
11 IE odT r 11

cL
for all x A

11May dt r
and any unit vector vek x

Ild all on

The set x w Ken we Kfx w 1 1 is compact
and gts it's it's dty are continuous on E A compaction
argument this shows that for some 8 0

11 IE odT r 11

22 5 for all x 1 and
11May odt or 11

any unit vector vekex
Ild T.cl cy d



By the continuity of IT dty in g open neigh

On A sit

11 T odT a 11

a E
for all x on11May dt a 11
andany unit vector VERTEX

Idt all cg

Now fix some Eso so small that for all 5 sit

disten T S CE

11 gods will

11 syods call for all kt On
andany unit vector VERTEX

Ilds all cy

For such ds If Gallo int kfss.at faceon
and Ilds ll en on 1 1 1

Similarly E and 0,21open s.t.ds.CIGatYobcintkjcsaUxeOand Ilds ten on Kix
The lemma follows with 0 0 nor E minha.si



Completionof the Proof of the Structural Stability Theorem

Fix O E as in the previous lemma

Fin Sso so small that the d neigh of A is imide 0
We saw in the previous lecture that V21 open and

E e o e sit if disten T S CE then

S has a compact invariant set 1 with a homeomorphism

4 n n sit distolt idled and

A A

4 14 commuter

n n
s

Since distold idled n 4117 d neighofA 0

By the previon lemma S satisfies the core condition on 1

It follows that 1 is a hyperbolic set for S

Joon

ftOhhh

In summary The hyperbolicity mechanism for
exponentialsensitivity to initial conditions is stablemottos

a some

stood


