
 

Lecture 3

Denseorb.lt
Iefnt orbits of dynamical systems Taste IET
Saw examples of complicated orbits
large orbit closure a limit set

anything could happen irregularities

exponential sensitivity to initial conditions

There examples were constructed by explicit but
example specific tools

Modern TheoryofDynamical Systems General

how example specific tools for
proving the existence of many complicatedorbits

Sometimes describing their behavior

Today Existence of denserbits

Def Suppose X d is a metric space A set

DEX I called dense if it intersects every
non empty open set

Example Q ER 0 i

i



Minimality
Let T X be a continuous map on a metric space X

Def A minimal set is a non empty closed

forward invariant set TAI EA without proper
subsets with these properties

In lecture 1 we saw that minimal sets always
exist when X is compact

Def A continuous map
T X X is called minimal

if X itself is a minimal set

Im T is minimal if xex f n o X

Proof Suppose T is minimal and xe X

The set A Tbc no is non empty closed and

forward invariant exercise So it equals X

Fix some open set U and choose ZeUnA

Since ZEA his ns.t Thical z Since w̅ is

open Th a et for all k large enough So Tea
intersects any open set and we proved that x has
a dense orbit

If A is minimal and see A then B TF.no
is a closed non empty forward subsetof A so B A



Example Irrational translations

Torus TE 2d o n with addition mod 2d

2 24 g 2d Qty 2d
We endow Td with the metric
d i 2 5 2 min 115 711 ex ̅ 2ᵈ ñey 2d

Two Dimensional Torus T R 2

1

usual picture
11 22 identification homeomorphil but

not isometric because
the curvature is
misrepresented

One Dimensional Torus T R
2 51

é

x ̅ 11 2

Conlon 5
x ̅



Translation on T R x 2 c 2 2

traditional notation R c x 2 mode

then every orbit of R is periodic

2 If α is irrational then every orbit of R is
dense and R is minimal

Troof

1 Suppose p.ge 2 Then R x x p mode

2 Suppose α is irrational Fix N 31 and

divide o n into N equal intervals

0 t E 1

Look at 2 22 N 11 α

By Dirichlet's Principleneicjentts.t.isj α are in the same sub interval So

j i 2 c

because d Q because it.jo are in the same interval

Thus ka model k so is dense in o 1

Since this is true for all N S1 ka k o is

dense in on So x kα model k of is dense
too



Topologital Transitivity

Deff A continuous map on a metric space is called

topologically transitive if for all open sets V V
there exists n so sit UnTV

Reiall TV x Tele V Thus the condition
UnTV says Face w̅ sit That eV

Th
Qi

X

Theorem Suppose T is a continuous map on a

complete separable metric space X e g a com act

metric space If T is topologically transitive then

xeX sit T x n a X

Complete EveryCauchy Sequence converges

Separable Contains a countable dense set

Exercise Prove under the additional assumption
that has no isolated points 11 sit e so sit dig ice

4 11

ProofofThm We use Baire's Category's Theorem see below

since X is separable there is a countable dense
set of points 51,5453 X



The forward orbit of x is dense in X if

i j Inso sit d Thea j

because in this case

T x visits any neigh

of any point 7
Tfx

Notice that holds if ke Besi

Then it is sufficient to show that

FBcsi.fi

Notice that each Ui T B si is

1 open because T is continuous

2 and dense because by top transitivity it
intersects any non empty set

By Baire's Category Theorem see below
holds



Bairescategorytheore i.lt X d be a complete
and separable metric space Then any intersection

of countably many open dense sets is dense hence

non empty

Proof Let Un V2 Us be a countable collection

of open dense sets Fix some arbitrary open ball B

U is dense V nB ball BGI E U nB

V is dense ball w̅ Evan B x 51 Ttr
V3 is dense ball BIT U n Bla re s Er
etc By construction r 0

By construction BI 2 Tri

By completeness Peri single point x

at most one point because riso at least one point
because Ki is a Cauchy sequence whose limit enteril

Clearly K E U nB for all isa

So see ti n B

In summary intersects any
ball B



Exercise Suppose T is a homeomorphism of a
complete and reparable metric space and for every
V.V open Inez sit until Then

x ex sit Tpcp nee is dense

Example Translations on Td

Let Td Rᵈ
2d I 2n ad R 1 29 2 2d

Kronecker's Theorem The following are equivalent
1 d dy d are linearly independent over 2
i e if Em α Mo with Momy My 2 then mi o

21 R is topologically transitive

31 R is minimal

Proof

1 2 First we claim that 1 implies the

existence of sit RICE ne 2 is dense

this is weaker than top transitivity which claims
the existence of 1 sit RICE n e IN isdense



Assume by way of contradiction that there's no to

sit R1 co ne 2 is dense By the exercise

U V open and non empty sit Un RTV ne2

Equivalently Un YzR2v

Let X 0,1 e
1 It YEICH
O otherwise

Then
1 X eL Td
2 X const a e because X 1 on V X o ont

3 XoR X

But this is impossible Consider the Fourier expansion

I I a eHICA.IS
Lead

11

1 2 I eat 1,1 a eatica
IS

ezd

Equating coefficients we obtain

x ̅ m e
ᵗi 1,2 x ̅ a



So either
a 1 0 or

b 1 0 whence by 1 a 2 to whence

a 0

Thus c e const a contradiction

The contradiction shows that sit

RI eo he 2 is dense

Since RI Ceo ne 2 1 tn nee

ne ne 2 is dense

Next we claim that R is topologically
transitive

Take U V open and non empty Choose m.net
sit R1 Q E U RI e EV

If nom UnRI v for k n m k o and

we're done

If n em we need to do something By the denseness

of R 1 he 2 kick sit Ikil o Rfi e e

Without loss of generality kiss or ki
I



If k 0 then R icel RIC ele V

and for some i ñ ntk m R et EV REG et

If k o then R ice R1 ol et and

for some i I Mtk Cn Rille T RIC et

So we found NSM sit R e EV RICet et as needed

So 1 2

Proof that 2 3 Suppose R is top transitive

We show it's minimal

Top transitivity guarantees the existence
of 10 sit RI co nein is dense

the new is dense

ns new is dense

ethe new is dense for all etd

R is minimal



3 1 Suppose Re is minimal We show
that 1 2 α are independent over 2

Assume my my EI and mix 2 we

have to show that m My 0

Define F Td IR

F e exp 2 I Émixi
This is a continuous function and FoR F

because

F 2 2 exp 2 iÉmini exp 2mi Émixi
F x 1 F E

By invariance F is constant on ne nein

This set is dense and F is continuous

It follows that F const

But if F is constant then

0 8 e Himi

So M My 0



Exercises
1 Let X dl be a metric space An isolated point
is a point xeX sit for some rso

B x r yex deny or

equals 13 Show If T has a dense orbit and X has

no isolated points then xeX with a limit set

was X

21 Give an example of a continuous map on a metril space
with isolated points forwhich there is a dense orbit but

a x1 for all xtX

31 Prove direction E in the topological transitivity them

If sit Tba no is dense in X then T B

topologically tramitive Be careful the n in Univ
should be positive

141 a Suppose α is irrational Show that 75 so
sit 1 S 25 are independent over 2

161 Prove that if TER has irrational slope
then the half line 4 p to it so is dense

on the form T for all p e T

C Suppose I e R has rational slope Prove that
the halt line 4p tr to form
a loop Describe its length


