
 

Lecture 6 Invariant Measures for Dynamical Systems

Def Suppose T is a continuous map on a compact
metric space X d A Borel probability measure µ
is called T invariant if poot p i e

p T E µ El for each EE B

Remarks We saw last time that for any prob
measure µ and a boundedmeasurable f

If dyot I fotdy
Than p is T inv if totdin fdp f bounded Borel

Exercise Use the uniqueness part of the Riest
representation theorem to show that µ is Finn if
Stotdp ffdp f continuous

Exampled Let m denote Lebesgue's measure on 5

i e the unique measure on S which represents the functionl

m f fleit do fe C s

Cal m is invariant for the rotation Reit eilota

b 11 angledoubling Reit die



Proof of By the exercise it's sufficient to check that

for each continuous f s R eiffel do Sfeitdo
Indeed a

fleilota do ei 4 do f fleisotaldo
21T

fleit do fffeit do fleit do
2

Proofof b Caution R eit e'it is not invertible on
5 But it is invertible on

A 4 ett O Ct

B 4 ett I 2H

f ait do freio do ffferit do

fee kt
deal f e

l data

fiftein dy flein dy Éf e'in dy

Remarks The angle doubling map has many other inv
measures e.g So 118 deal The irrational
rotation doesn't



Let m denote Lebesgue's measure on T 1722

YE measure it

m f f flip diady fe CT

This is an invariant measure for the Cat Map

Ta 4 2 A 3 2 A

Prof Again it's enough to check continuon test functions

total dm f A 1 2 dxdy

T
si f axty mode kty mode dxdy

We'd like to change variables

8
Since TA T e T is a bijection f range
over o x o i

The Jacobian 181 dot 1

So f flaxty mode aty
mode dxdy

flair dader fauldade fed
I



Example 3 Liouville's Thm Suppose HE p is

continuously diff twice on R Let Yt R R be

the flow associated to the ODE

7 can

p 8117,11

Then at preserver Lebesgue's measure on IR

This is an infinite measure Often the level sets

q p H q p M are invariant open sets with

finite measure

Proof Fix t small and let

so to at
t t time uninitie

condition qp

The map q p to Q P is a bijection because

at 1 a flow so ytog id

As before we just need to check that

181 1 1 a trout



Taylor's expansion tells us that

Qt q.pl Qocq.pl t.IT t ftepl Eta tqifP
q tqlq pl ZEx founded smooth fanatic ftp.t

9 can tax my

Ptlq.pl
p tfqlq.pl x

bounded smooth

functionof 9

8911
tiptoe t on

It oct4 n t oct 1

It Oct

Fato
det 1 0 E

check

Felt det cap o



Because of the flow property

dat apt

det Q.cat Ps1qxi o

So we prove that

dafffpiia.es o t

Than the Jacobian of qᵗ doesn't depend on t

Since ft Id at t o the Jacobian 1 and

the flow preserver Lebesgue's measure

Exercise Show that any flow associated to an ODE

is 4,61in
is 426,51

where I satisfies div g o preserves

Lebesgue's measure on R



Krylov Bogolyubov Theorem Any continuousmap T on

compactmetricspacedadmits at least one invariant
Borel probability measure

Proof Fix some K E X and define the functionals

441 IÉff the
Since y f Éillfll 11811 11611 1

By the Banach Alaogen theorem the sit

Unk 4 weak star

Clearly f 0 In ff1 so off so

and 4117 1

By the Riesz representation theorem there is
a unique Borel probability measure µ sit

6 f Sfdp f CX



Observe that for every fecx

S fat den 4 tot fm tot this

fm attic

Lm Eff Tico f this feel

Em Fifties
Em 4n f 61ft f f dy

So Statdp dp fe CX

Consider now 4,4 CX given by

4 ft SfoTdp Sfdyot
x x

41ft Sfdp

By 4 4 Since y is represented by pot
is represented by µ and the representing

measure in Riest's theorem is unique potty



The Dynamical Significance of Invariant Measures
Almost Everywhere Suppose X F p is a probability space

Wesaythataproperty P of xeX holds almost everywhere
in E if D CEE P holds at x EF and p E R

Poincare's Recurrence Theorem Suppose p is a F invariant

probability measure and E is a measurable set with positive

measure Then for µ almost every KEE n 1 Sit TEDEE

1

Proof Let W site Una Tante
For every n 1 T Wnw because

ETW TG EWEE TEC EE

XE W Tbc E

It follows that W T'w TW are pairwise disjoint

wnt w F wnFw d
It follows that

1 p x p IT w Éiµ Fw EMCW d new

Necessarily p W 0



Corollary Let T be a continuousmap on a compact
metric space and let p be an invariant probability measure

Then p a e x is recurrent

Proof Fix Enso sit En o

Claim For all n p 11 7kg1 it d This c cen 1

Proof By compactness X can be covered by finitelymany
balls of radius Ents B B

By Poincaré's recurrence theorem for p almost every
xeB knee sit Thale B and then the sets

meB 7kg1 d Thea x diam BY En

satisfy p B r 0 It follows that

f r satisfies p x r 0

Because pixel p UB vn Éirls yr
ÉÉnB n o o

So for µ a e see including all xer

knst sit d t ipi En



Let A x k n d tease cen then An
is measurable even open and by the claim µ An 1

Let A An then

a µ A 1 because p A p nFAn EMA 0

b ViceA n 7kg1 sit d Taga x En

If kn s x is recurrent

If kn then things sit Knik and then

d Tsepel d tips Eni o

This implies that T all x and this of tonne

implies that x is recurrent T x

In summary every If A is recurrent and flat 1



Ergodility
Now we'd like more quantitative info on the nks.t.TK EE

Def A T invariant prob measure is called

yqc ifevery measurable set E sit F E E

y E 0 or y El 1

The Ergodic Thm Suppose µ is an ergodic
F invariant prob measure Then

I for every measurable function f X IR s t

Sifldp co for f a e x

1 E f Tail Sfdp

2 for every measurable set E for µ a e x

I En EN The EE µ E

The proof is given e g in the lecture nota an ergodic
theory available on my home page



Unique Ergodicity

Def A continuous map on a compact metric space
is called uniquely ergodic if it has exactly
one invariant probability measure

The A continuous map on a compact metric space
is uniquely ergodic with invariant prob measure p
iff for every f X IR continuous

f Tai Sfdp uniformly

Proof Suppose p is the unique inv prob measure

of T and assume by way of contradiction that

x is false forsomef Then Eso sit for all
n there exists Npn and x EX sit

11,1 f tiny Sfdp

Let 4,1 be the functional

4 gl Éig a



As in the proof of Killow Bogolyubov's Than

n ns.t

4h 4 weak star

and 4 g Sgd where D is a Tin

prob measure By unique ergodicity 0 4
But by construction

10 f ref him Fifteen pets

So 0 µ and we obtained a contradiction

We proved

The proof of is simple Had I been
some other invariant prob measure then fe CX

off É OCtE.f.tl

0 Sfdp 00 11 fot Sfdp 1
Sfdp to 1

To



Necessarily I f p ft for all fe ex

By the uniqueness of the representing function
in Riest's theorem d p So 71 inv prob mean


