
 

Review of Manifold
Differentiable manifold are spaces with the structure

needed to do calculus in the space The essence

of the structure are local coordinate system
which allow to presentfunctions on the space as functions
on Copen pieces of Rd

Topological Manifolds A d dimensional topological
manifold is a second countable Hausdorff topologicalspace

e.g a compact metric space sit for any pointp there's

a local coordinate system h U B

UEM is an open neigh of p
B Rd is an open set homeomorphic to an open ball inIR

h V B is a homeomorphism

t
B a

x

Hausdorff Different points have disjoint neighborhood
Second Countable countable collection of open sets
Ui sit any open set is a union of Ui's

Homeomorphic A is homeomorphic to B if 7h A B

invertible sit h h are continuous h is the homeomorphism



Since h U B and B Rd h q x 9 dqs
We call x Cq1 ggil a local coordinate system
Conversely any d tuple x d B determines

a point p x pglet.CM defined by

plan d h si i d
We call pc h t

a lochart

Writing in Coordinates

Functions 4 0 I becomes

9 x ph yoh
t

xy prd ZEB

Curves C f 1 1 It becomes

t oh t x ftt deal
Maps f T V2 Ui em becomes

F x repeat hoofohi lay plat 9,111 9,611

where h O B is h ql x g large

h O B is h Cgt 9,511 9dg
so

TheMainissue There are many choices of local
coordinate system h T B We must be careful to
keep all our definitions independent of the choice of
coordinates

soooooote



Ck Differentiable Manifold of Dimension d
A topological d dimensional manifold M with system
of charts hit B with the following compatibility
condition If U rU then

Rᵈ Rd

hominins iii
is continuously differentiable

h k times

4 M R is differentiable at peM if for some any
local coordinate chart h U B Uap y in coordinates

Yoh Coli d is differentiable on B

C f till M is differentiable at o if for some fancy
hyalgard system h U B V7 Ccd c in roord hoc f is diff

f M M is differentiable at peM if for some any
local coordinates haUn B h Un B sit Upp Usflp
f in coordinates h of hiEgge Rd is differentiable

_o_

The def of diff

1
if hi

MMMM

Éf 1
flthy

PT B and
so one



Tangentspaces Intuitively the tangent vectors at

PEM represent all possible directions of infinitesimal
motion at p

Directions of Motion are cool for curves f s.t.co p
But we need to identify tangent curves 5

Def Two differentiable curves C f 1 1 M sit

C lo o p are tent at p if forsome canyl local
coordinate chart h U B

h Gtt th Ecn

This is an equivalence relation Denote the equiv classes
by to

Def A tangent vector at p is an equivalence class of
a differentiable curve c 1,17 M sit CCol p

Deff The directional derivative at p in the direction

of a tangent vector old is the operator acting on
diff functions 6 M R by

Dale f
ch

Exercise Delet is independent of the choice of representative
C of old

Exercise Do Do F ñ



Def Suppose in I are two tangent vectors at p
corresponding to i i Fix α β R We define

αñ βñ
to be the unique tangent vector St Dayper βDa
Here is its construction slot where

Choc t x 41 7141 ICH

hoc H 9,41 9g M ICH
C t curve through p sit

she

Exercise Check that this def is independent of the
coordinate chart i.e the c obtained from different
charts are always tangent at t o

Exercise Check that with this construction

Dattpa Pa.tl Pa

Def The vector space TpM
tans precton

this obtained is called the tangent space at p



Thy dim M dimension of the manifold Moreover

if Ch U B is a coordinate system sit Usp then

Tp M Span

where iiloycicti hfge.ie
e

constant velocity

FILE
a

Origin of Notation If f M IR is given in

coordinates by f x pk foh t xy i d then

Dog if 1 44 oh 1 hay

tf hopi teil Chapil

Proof of Thm Clearly Tp M

Fix some c C 1,11 M diff at zero sit CCol p
Let let Chock a cave in Rd



Since c is diff at t o I is diff at to Write

EE.CH
Let 5H h hep tie This is a curve

f t o p and

310 Iii x

At the same time

fish Fattah
so 501 did Then did Eli span of

TheDifferential Suppose f M M is a differentiable

map The differential of f at p is the linear map
ñ

Dfp TPM Tap Tfca t
fptDfp clot f c o

Exercise Check that this is independent of the choice
of c in clot



Exercise Suppose hn Va Bn Ch ve B are local

coordinate charts sit Upp 0,7 flpl write f in
coordinates thzof.hn x d 9 1 ba411

Suppose we use the bases

1
for TPM given by h Un B

for IpM given by ChUn Bal

and we write

Dtp II EPity
Then

Riemannian Manifolds

Def Let M be a d dimensional differentiable manifold M

A Riemannian metric on M is an assignment of inner product
C isp to TPM in such a way that for some any

local coordinate system h U B the function

9 p Fxi p

are smooth The associated Riemannian norm is

11511 Crisp



We define the length of a differentiable carve 8 able M

by g 118 till
in
dt

The Riemannian distance between p.ge M is the

intimum of the lengths of all smorth carves from
a to b

If there are no such carver the distance is


